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FE Analyses of Strengthened Concrete Beams with Corroded Reinforcement
MILAN GOTAME
CARL LINDQVIST FRANKLIN
Department of Structural Engineering
Chalmers University of Technology

ABSTRACT
Existing concrete structures built between mid and late 1900s display increasing
signs of deterioration due to adverse environmental conditions, reducing their load-
carrying capacity. The existing structures are also required to carry increasing loads,
which creates a need for increased capacity. For increased service life, existing dete-
riorated reinforced concrete (RC) structures need strengthening. The finite element
method (FEM) has been proven as an efficient tool for numerical simulations to
accurately predict the non-linear response of concrete structures. Fibre reinforced
polymer (FRP) has successfully been used to strengthen sound structures, but its
application on damaged concrete structures still needs to be investigated. This thesis
presents non-linear finite element analyses to assess the flexural behaviour of corro-
sion damaged RC beams strengthened with externally bonded FRP. The modelling
methods were validated against experimental results. Beams of four different cate-
gories were analysed: A reference beam, a corroded but non-strengthened beam, and
corroded beams strengthened with GFRP and CFRP respectively. Furthermore, the
strengthened beams were modelled with different modelling choices to investigate the
effectiveness of FRP sheets and FRP U-jackets. Pre-loading and corrosion-induced
cracks were incorporated by reducing the tensile strength of concrete elements at the
location of cracks. Average and pitting corrosion were incorporated by reducing the
cross-sectional area of the reinforcement corresponding to the measured corrosion.
Interface elements were used to simulate the bond between FRP and concrete. The
FE analyses were able to capture same failure modes as the tests. It was found that
modelling of pitting corrosion was of major importance to depict a reliable load and
deformation capacity of the beams. Sufficient yielding zone near the corrosion pit
was required in the finite element modelling to avoid premature failure of the pitted
rebars due to high strain localization. A combination of a FRP plate at the beam
soffit with inclined U-jackets at the ends of the FRP plate provided sufficient flex-
ural strengthening; thus, intermediate U-jackets were not necessary for the studied
beam geometry and corrosion damages. However, with a GFRP sheet at the beam
soffit, both inclined and intermediate U-jackets with sufficient interfacial stiffness
were needed to provide full utilisation of the GFRP sheet for the studied beam ge-
ometry. To further study the effectiveness of the strengthening methods, it would
be necessary to study beams with varying dimensions, corrosion patterns and levels,
spacing and dimensions of FRP.

Keywords: Reinforced concrete structures, finite element analysis, corrosion, fibre
reinforced polymer, CFRP, GFRP, strengthening, cracks, interface, U-jacket
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1 Introduction

1.1 Background
Concrete is a widely utilized material in structures for more than 150 years. This is
because of its good fire performance, high stiffness, long life span, low maintenance,
and cost [1]. Existing concrete structures built between mid and late 1900s display
increasing signs of deterioration due to adverse environmental conditions resulting
in a reduced capacity. The existing structures are also required to carry increasing
loads, which creates a need for increased capacity. Variables such as higher volumes
of commuter and cargo activity, heavier vehicles and earthquakes have increased
the load on existing structures throughout the world [1]. To reduce the cost and
environmental impacts due to new constructions, strengthening of structures such
as bridges and buildings is of vital importance for both society and the environment.

The most common cause of degradation of reinforced concrete (RC) structures is
chloride-induced corrosion [2]. Corrosion of reinforcement degrades concrete struc-
tures in several ways. Pitting corrosion causes local reduction of the cross-sectional
area of the reinforcement, reducing the yielding and ultimate capacities but also the
ductility [3, 4]. The increased volume of steel due to corrosion introduces splitting
stresses resulting in spalling of the concrete cover and weakens the bond between the
concrete and reinforcement [5]. The latter may cause anchorage failure and reduced
load-carrying capacity.

Strengthening with fibre reinforced polymers (FRP) is a well accepted technique
to increase the capacity of concrete structures [6]. There has been a large amount
of research regarding strengthening of sound structures with FRPs [1], but its ap-
plication on strengthening of corrosion-damaged structures is increasing in demand
during recent years. Due to high strength to weight ratio and high modulus of
elasticity, FRPs are easy to handle and effective for the improvement of structural
behaviour [1]. Externally bonded FRPs to the soffit of a beam can increase the per-
formance of the beam [7]; however, for heavily corroded RC structures, externally
bonded FRPs can reduce the load capacity [8] and can not improve the stiffness and
ductility capacity effectively [9, 10]. Triantafyllou and Al-Saidy [11, 9] suggested to
do a patch repair of the damaged concrete cover before application of the FRP plates
to improve the structural performance of the corrosion damaged RC structure. In
spite of that recommendation, the high cost of a patch repair creates a demand for
alternative strengthening techniques. It has been shown that the combination of
transverse FRP wraps/U-jackets wrapped around the beam with FRP plates, can
improve the flexural performance without a patch repair [9]. In damaged beams
strengthened with vertical U-jackets, the failure modes were altered into FRP rup-
ture or debonding instead of concrete cover spalling, optimizing the use of the FRP
plates [12]. By replacing the vertical to 45 degree inclined U-jackets at the end of
the FRP plates, the utilization of the plates could be improved further [12].

1



1. Introduction

Nowadays, the finite element method (FEM) is commonly used for structural anal-
ysis of RC structures. Even though non-linear finite element analysis (NLFEA)
requires high computational time and effort, it is an effective way to understand
the physical behaviour and response of RC structures. Based on previous research
[13, 14, 15, 16], FRP strengthened RC beams can be modelled and analysed accu-
rately in FE software, thereby providing in-depth understanding of their non-linear
structural behaviour. To analyse FRP strengthened beams with corroded rein-
forcement, it is necessary to validate the FE analyses to experimental results. In
this master’s thesis, FE models were developed in DIANA FEA 10.4 [17] and the
analyses were validated to experiments carried out by Yang [18], consisting of four-
point bending tests on sound, corrosion damaged but non-strengthened, and FRP
strengthened RC beams.

1.2 Aim
The purpose of this master’s thesis was to investigate promising strengthening tech-
niques for corrosion damaged RC structures. More in detail, the aim was to study
the effectiveness of the strengthening methods, regarding the load-carrying and de-
formation capacity in bending.

1.3 Objectives
Specific objectives pursued to reach the aim of the thesis were to:

• Validate FE modelling methods with experimental results.
• Investigate the structural effect of corrosion damage.
• Investigate different parameters of the strengthening methods to develop effi-

cient strengthening solutions.

1.4 Limitations
The limitations of this project can be outlined as follows:

• The analyses focused on the flexural response.
• Strengthening of corrosion damaged RC beams were studied. Strengthening

of slabs and columns were not considered.
• The FE analyses were validated by experiments with artificially induced cor-

rosion, which structural effects could differ from natural corrosion.

1.5 Method
To achieve the goal of the thesis, a literature study was carried out to get a general
understanding of the effects of corrosion on RC structures, strengthening of concrete
structures, strengthening of corrosion damaged RC structures and finite element
modelling of concrete structures. Thereafter, 3D FE models of a reference, corroded

2



1. Introduction

and strengthened beams were developed and analysed in DIANA FEA. The analyses
results were validated by comparison to the four-point bending tests of RC beams
carried out by Yang [18]. The corrosion levels, material properties of concrete,
reinforcement and FRPs were used according to measurements done by Yang. To
study the effectiveness of the strengthening methods, different analyses were carried
out in which the FRP components were applied in stages.

1.6 Outline of thesis
This thesis comprises eight chapters including an introductory part

In Chapter 1 an overview of research background, aim, objectives, limitations and
methods that were used to conduct the research work are presented.

Chapter 2 contains theoretical aspects and literature reviews related to effects of
corrosion, strengthening methods for sound and corroded RC structures.

Chapter 3 presents theory behind Finite Element Analyses of RC structures.

Chapter 4 provides a brief overview of the experiments carried out by Yang [18].

Chapter 5 presents details regarding modelling of the reference, corroded and FRP
strengthened RC beams. More in detail, the material properties of concrete, re-
inforcement, GFRP and CFRP, crack widths and corrosion levels used in the FE
models are presented.

In Chapter 6 the results from the FE analyses are presented. The results are com-
pared and validated with the experimental results. The different failure modes,
effects of corrosion, effects of externally bonded FRP and U-jackets on the flexural
behaviour are also presented.

Chapter 7 discusses the results obtained from the FE analyses.

In Chapter 8 conclusions are drawn based on the results and suggestions for future
research are presented.
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2 Strengthening of RC structures

2.1 FRP strengthening in general
There are many different strengthening methods that have been used traditionally
for concrete structures. The more common ones have been to; i) increase the sec-
tional area, ii) cast and install additional reinforcement bars, iii) post-stressing with
tension rods, iv) or simply adding more supports. These methods have been working
relatively well and will do so in the future. In the mid-70s, a method to install steel
plates on the concrete surface was developed [19]. This method found fairly large
use but has a number of issues: steel plates rust, they are heavy to install, joint
plates are often needed and the installation to curved surfaces are complicated [19].

During recent decades, the development and use of advanced composite materials
in structural engineering have increased. The reason for this increase is that ex-
tensive research and development have been carried out to produce clear guidelines
for design and quality assurance. Furthermore, the insight in the industry of the
benefits of using advanced composite materials has been steadily increasing. The
most common and used name for advanced composite materials are fibre reinforced
polymers (FRPs). The FRPs can consist of different materials, but the most com-
mon are glass fiber or carbon fiber (GFRP and CFRP respectively). Nowadays,
these materials have been found to have major benefits in repair and strengthening
of existing structures. FRPs are also used for new structures, where the FRPs are
used as reinforcement and/or as prestressing of concrete structures [19].

What makes FRP materials distinctive is their high strength-to-weight ratio. The
material can also easily be customized for many purposes. All of these reasons make
FRPs suitable for strengthening where the use of many other materials are limited.
The FRPs stress-strain relationship is considered to follow a linear elastic curve up
until failure. Figure 2.1 shows the FRP stress-strain curve compared to the curve
for steel. It is evident that the FRP lacks one of the major benefits of steel re-
inforcement, the plastic deformation capacity that provides a safety margin in the
ultimate limit state of a structure.
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Figure 2.1: Comparison between the stress-strain for FRP and Steel.
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2. Strengthening of RC structures

Fibre reinforced polymers are, just like concrete, a type of composite material. The
FRP is manufactured by continuous or short fibres which connect to each other by
some type of polymer matrix. The matrix material is usually made from thermoset-
s/resin, epoxy or vinylester. The fibre ratio in an FRP is 35-75% depending on
the fibre material, manufacturing and desired properties. The remaining material
is made of the polymer matrix. For strengthening of reinforced concrete structures,
the most common FRP composition is carbon fibres with an epoxy matrix. Usu-
ally, FRPs are glued to the concrete surface, but there are examples of mechanical
systems without glue as well. When the FRPs are glued to a concrete surface, it is
common to use externally bonded FRP laminates. Before the laminates are glued
to the surface, it is often recommended to use a primer on the surface to get good
adhesion for the glue [19].

No complete design guidelines in the Eurocodes for strengthening with FRPs have
been published yet. Instead, the current guidelines for design of strengthening of
RC structures in Sweden are given in different textbooks. One of the more well-
established and used textbooks in Sweden are "Kompositförsärkning av betong" [19].
In this textbook, a number of important design considerations are presented, such
as design for bending and anchorage, design for shear etc. Specifically for bending,
it is common to strengthen beams with externally bonded reinforcement (EBR) [19].
A principle of this strengthening technique is shown in Figure 2.2 where the glued
FRP plate is presented as Af.
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Figure 2.2: FRP strengthened concrete section with the EBR method.

A simplified estimation of the bending moment capacity for a given FRP area of
the section seen in Figure 2.2 can be done according to Equation 2.1 [19], where fy=
yield strength of steel reinforcement, εfu= rupture strain of FRP and Ef= young
modulus of elasticity for FRP.

Md ≈ 0.9(Asfyd+ AfεfuEfh) (2.1)

Alternatively, Equation 2.2 can be used to estimate the needed FRP sectional area
for a desired bending moment capacity.

Af ≈
(Md/0.9− Asfyd)

εfuEfh
(2.2)
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2. Strengthening of RC structures

These design estimations can be useful in early stages to estimate material needed
and the cost of strengthening. However, for later stages more detailed calculations
of other sections might need to be analysed.

Sufficient anchorage of the FRPs is essential to get full utilization of the strength-
ening. The anchorage is usually governed by the quality of the concrete, provided
that the glue has been applied properly. Specifically for strengthening with FRPs,
the normal and shear stresses arising at the end of the FRPs need to be analysed.
A common way to increase the anchorage capacity of the bonded FRP is to wrap
and glue transverse FRPs vertically around the end of the EBR FRP; this method
is also called U-jackets. The U-jackets are even more effective if they are glued in
a 45 degree angle towards the support, perpendicular to possible shear cracks [19].
The principle of the U-jackets can be seen in Figure 2.3.
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Figure 2.3: Inclined U-jacket towards the support.

2.2 Failure modes
As shown in Figure 2.4, Pham [20] stated different failure modes of a strength-
ened concrete beam in flexure as: 1) Concrete crushing, 2) FRP rupture, 3) Shear
failure, 4) Concrete cover separation, 5) Plate end interfacial debonding, 6) Interme-
diate flexural debonding (IC debonding), 7) Shear-induced debonding, also known
as critical diagonal crack (CDC) debonding). Modes 4 to 7 are premature debonding
failure, in which modes 4 and 5 are initiated at or near the plate end, while modes
6 and 7 are initiated at intermediate sections.

(3) Shear failure

(1) Concrete crushing

(2) FRP rupture

(4) Concrete cover seperation

(5) FRP end interfacial delamination

(7) Critical diagonal crack interfacial
debonding (CDC)

(6) Intermediate crack
induced interfacial
debonding (IC)

PR
O

D
U

C
ED

 B
Y 

A
N

 A
U

TO
D

ES
K

 S
TU

D
EN

T 
VE

R
SI

O
N

PRODUCED BY AN AUTODESK STUDENT VERSION

PR
O

D
U

C
ED

 B
Y A

N
 A

U
TO

D
ESK

 STU
D

EN
T VER

SIO
N

PRODUCED BY AN AUTODESK STUDENT VERSION

Figure 2.4: Failure modes of FRP strengthened concrete beam, redrawn from [20].
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2. Strengthening of RC structures

2.2.1 Concrete crushing
The failure modes of a non-strengthened and undamaged reinforced concrete beam
are highly dependent on the reinforcement ratio. With a low amount of tensile
reinforcement, the beam is expected to fail in bending with yielding and subse-
quent concrete crushing, or possibly rupture of the reinforcement bars. With a high
amount of reinforcement, the beam is expected to fail by concrete crushing without
reinforcement yielding [21]. More in detail, it is desirable to avoid concrete crushing
before yielding of the reinforcement, to avoid the brittle failure of early concrete
crushing.

2.2.2 FRP rupture
If the rupture strain of the FRP sheets is reached before the crushing of concrete
but after the yielding of the tensile reinforcement, the failure mode will be governed
by the FRP rupture [22].

2.2.3 Intermediate crack-induced debonding
Intermediate crack-induced debonding, commonly known as IC debonding, of FRPs
can be caused by the relatively large interfacial stresses between the concrete and
FRP generated due to the opening of flexural or shear cracks at the tensile side of
the beam. When the failure is developed due to shear cracks, it is known as critical
diagonal crack (CDC) interfacial debonding. As soon as the interfacial stresses
exceeds the bond strength between the concrete and FRP, debonding of the FRP
begins at the position of cracks and extends towards the closest sheet end. The IC
debonding can be controlled by reducing the maximum strain allowed in the FRPs
at the tensile side [22]. Debonding due to CDC has been found to be the most
critical due to the brittleness of its failure [20].

2.2.4 End debonding
Debonding of the FRP plate end from the concrete beam can take place in two ways:
either by end interfacial delamination failure or by concrete cover separation. They
are both related to high shear stresses between the concrete and the end of the FRP
plate. Though, it has been reported more common with concrete cover separation
[22]. Concrete cover separation is initiated by high shear and normal stresses at
the end of the FRP plate. This creates peeling stresses on the concrete, which
might result in separation of the concrete cover if there is high risk of shear cracks,
see Figure 2.5. However, when the shear capacity is high enough, high interfacial
stresses at the connection between the concrete and FRP sheets/plates may result
in interfacial separation. This separation begins between the FRP plates and the
adhesives, or the adhesives and the concrete, depending on which interface is weaker.

7



2. Strengthening of RC structures

Figure 2.5: Concrete cover separation of FRP strengthened beam, permission from
[22].

2.3 Structural effects of corrosion

2.3.1 Mechanism of corrosion

Among many factors, chloride-induced corrosion of reinforcement affects the capac-
ity of RC structures. In sound structures, the alkaline environment created during
hydration of concrete protects the reinforcement by forming a passive layer. How-
ever, this passive protective layer can be damaged by chlorides or carbonation,
which enables reinforcement corrosion. Corrosion has adverse effects on reinforce-
ment and concrete. Corrosion reduces the cross-sectional area of the reinforcement
bars [23, 24], and the rust produced occupies a larger volume than the original
reinforcement. The increased volume thereby produces splitting stresses to sur-
rounding concrete which ultimately leads to cracking and spalling of concrete. The
corrosion-induced cracks further trigger the corrosion rate. Cracking and spalling
of the concrete cover reduces bond capacity [25]. According to CEB-fib [26], cor-
rosion of reinforcement can be categorized into general and local corrosion. The
general corrosion is due to uniform corrosion of rebar, whereas pits are formed due
to local corrosion. The overall aspects of corrosion mechanism and its structural
consequences have been studied by Cairns et al., see Figure 2.6 [27].
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2. Strengthening of RC structures

Corrosion of reinforcement 

Pitting corrosionGeneral 
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Figure 2.6: Effects of corrosion on structural behaviour of a concrete. Reproduced
from Cairns et al. [27].

2.3.2 Mechanical properties of corroded reinforcement
Researchers such as Zhang et al., Apostolopoulos et al. and Fernandez et al.
[28, 3, 29] have found that corrosion has adverse effects on the mechanical prop-
erties of reinforcement, such as strength, deformation capacity and modulus of elas-
ticity. Large localized strains are generated due to pitting corrosion; since the cross-
sectional area is substantially smaller at the pits, high stress concentration and large
strains are generated compared to the other sections of the reinforcement bar, see
Figure 2.7 [4]. Furthermore, because the length of the local pit is short, the strain
at the pit is larger than the average strain over the entire length of the reinforce-
ment bar [30]. Due to the localized large strain, the deformation capacity of the
reinforcement is reduced, thereby causing brittle failure of structures [24]. It has
been found that for high corrosion levels, yield penetration will not spread outside
of the pitted zone if the local corrosion exceeds a critical corrosion level [4]. The
critical local corrosion level was found to be 1 − fy/fu, where fy and fu are yield
strength and ultimate strength respectively.

Local strain

𝑙𝑦

𝑙𝑝

Figure 2.7: Diagram showing high local strain at pit with pit of length (lp) and
yield length (ly) reproduced from [4].
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2. Strengthening of RC structures

2.3.3 Bond between concrete and corroded reinforcement
The bond stress between the concrete and reinforcement is the major path to transfer
load in reinforced concrete structures. Friction, chemical adhesion and mechanical
interaction between concrete and steel are the main components that govern the
bond. The chemical bond is quite weak and is prone to break at low stresses. The
volume expansion of corrosion introduces splitting stresses on the concrete, which
leads to cracking and reduction of the bond.

2.3.4 Mechanical behaviour of corrosion damaged RC struc-
tures

Corrosion influences several aspects of the structural behaviour of RC structures, for
example stiffness, load-carrying capacity and deformation capacity, see Figure 2.6.
The shear and moment capacities of the structures are decreased due to pitting
corrosion of the reinforcement bars. The brittle behaviour of corroded rebars changes
the force and moment redistribution, reducing the load-carrying capacity and seismic
resistance as well. The spalling of concrete cover decreases the cross-section and
internal lever arm, thereby reducing the flexural capacity. Moreover, the reduced
bond between the surrounding concrete and corroded reinforcement may lead to
anchorage failure and reduced shear capacity of the structure. Furthermore, the
cracks formed due to corrosion increases the chance of more enhanced chloride ingress
and accelerated corrosion.

2.4 Strengthening of corrosion damaged RC struc-
tures

Since 1980s, researchers have focused on strengthening of RC structures using ex-
ternally bonded FRP. It is common to use EBR FRP on the tension side of the
RC member. This method of strengthening has been found effective to increase the
flexural capacity; i.e to increase the load-carrying capacity and service life of struc-
tures [9, 31, 32, 33]. EBR FRP strengthening have been successfully implemented
for sound concrete structures. However, its’ application on corrosion damaged RC
structures is still of research interest. In this chapter a synthesis of various research
results are presented [34, 32, 35, 36, 37, 11].

There are mainly two ways to strengthen a corrosion damaged RC structure: with
or without patch repair. The load-carrying capacity of concrete beams with different
degree of damages can be increased satisfactorily by a patch repair of the damaged
concrete cover, but the effectiveness of the patch repair decreases with increased
corrosion level [37, 34, 11]. As described by Linwang and Triantafyllou, to increase
the load bearing capacity of beams with high corrosion levels, it was necessary to
replace the damaged concrete cover by a new polymer mortar layer before FRP ap-
plication [37, 11]. A good bond condition had to be achieved between the new and
old concrete [11]. However, the results were similar when U-jackets were applied

10



2. Strengthening of RC structures

without doing a patch repair [9]. It was concluded that U-jackets were effective
to increase the capacity of highly corroded beams, but the layout of U-jackets was
important to obtain good results [38]. Furthermore, it was found that two layers of
FRP sheets on the beam soffit in combination with U-jackets increased the stiffness
of a corroded beam. However, it exhibited a more brittle behaviour than a beam
with a continuous FRP sheet wrapped up 65 mm on each side of the beam. It
was concluded that the layout of the FRP strengthening affects the behaviour, even
though the amount of FRP used for strengthening is the same [38].

Fu et al. and Triantafyllou have studied the effectiveness of U-jackets at the end
of FRP plate to mitigate concrete cover separation [39, 11, 12]. It was concluded
that a certain minimum thickness of U-jacket was necessary to completely mitigate
the concrete cover separation due to corrosion [39, 11]. Even though two layers of
U-jackets did not show any difference in load capacity, the ductility behaviour was
better than one layer of U-jackets at the FRP sheet end. Furthermore, with inclined
U-jackets at the end of the FRP sheet, the ultimate load and ductility was success-
fully increased even further [39]. Thus, 45 degree inclined U-jackets could increase
the efficiency of the FRP sheets due to tensile force transfer mechanism from FRP
plate at beam soffit. The ultimate load capacity, ductility and utilisation of the
FRP sheet were increased significantly due to the application of 45 degree inclined
U-jackets by changing the failure mode from IC debonding to concrete crushing or
rupture of FRP sheet [12]. In general, the 45 degree inclined U-jackets would be
activated due to debonding of the FRP plate. Even after the complete debonding
of the soffit plate, 45 degree inclined U-jackets were able to hold the debonded FRP
sheets in the beam soffit in position and transfer the strain generated in between
the concrete and FRP sheets effectively to the inclined U-jackets [12].

It has also been found that intermediate U-jackets were effective to increase the ca-
pacity of highly corroded beams [11]. In practical application, the amount of FRP
needed for strengthening is vital due to its relatively high cost. It has been found
that high amounts of FRP does not necessarily improve the capacity of damaged
concrete structures effectively [39]. Thus, it is worthwhile to do a parametric study
of different FRP layouts and dimensions to get an economic, efficient and reliable
strengthening method.

11



3 FEA of concrete structures in
general
Previously, two dimensional (2D) and three dimensional (3D) FE modelling have
been used to analyse sound, corroded and strengthened concrete beams [40, 41, 42,
43, 44]. Even though 2D symmetrical FE modelling can lead to good results [40, 41],
3D FE modelling may be needed for reasons such as: i) The potential corrosion ef-
fects are typically 3D in nature ii) For a particular beam size, the assumption of
plane stress or plane strain may not be completely true and iii) The FRP strength-
ening is not applied to the entire width of the beam. The reinforcement can be
modelled by truss, beam and 3D continuum elements [44]. The continuum elements
for reinforcement can in many cases be unnecessarily detailed. It has been found
that modelling the reinforcement using beam element exhibits good agreement with
experiments and can be computationally efficient [43].

To get accurate results from finite element analysis (FEA), the non-linear material
properties of concrete and reinforcement need to be taken in account [40]. The non-
linear FEA (NLFEA) results of reinforced concrete structures is governed mainly
by [45]: i) Material non-linearity of concrete in both tension and compression with
strain localization, and of steel with yielding and hardening, ii) Bond stress-slip
relationship between concrete and reinforcement, iii) Convergence issues mainly af-
ter the cracking of concrete, iv) Load application and boundary conditions. The
non-linear concrete properties in tension and compression can be represented by dif-
ferent non-linear models such as Hordijk and exponential tensile curve or parabolic,
multi-linear and Thorenfeldt for the compression curve. The non-linear material be-
haviour of reinforcement can be modelled by stress-strain relationship which should
be able to describe the yielding, hardening and rupture. The interaction between
concrete and reinforcement is commonly incorporated in two different ways: i) by
assuming perfect bond, i.e concrete and steel have the same strain; or ii) by apply-
ing a bond stress-slip relationship between concrete and reinforcement; this gives a
more realistic behaviour in terms of crack patters and anchorage capacity. A bond
stress-slip relationship between concrete and reinforcement is given in Model Code
2010 [26].

Normally, cracking of concrete can be modelled by a discrete-crack or smeared-crack
approach. In the earlier one, the geometrical cracks are treated as displacement dis-
continuities. The tensile fracture zone is defined before the meshing of a FE model
in the discrete-crack approach, which makes it more complicated and unpractical.
To overcome this issue, the smeared crack approach, which considers the crack in
a continuous geometry, can be used. Two commonly used models exist: the fixed
crack model and the rotating crack model. In the rotating crack model, a crack will
reorient with the loading or material response, and the orientation of the crack is
considered perpendicular to the principal tensile stress [46, 47, 45]. Whereas in the
fixed crack model, the direction of a crack will remain unchanged after initiation.
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3. FEA of concrete structures in general

This creates shear stresses that are built up due the rotating principle stresses after
crack initiation [45]. Moreover, the tension-stiffening effect, i.e the increased stiffness
due to uncracked concrete in-between the cracks, will also be automatically consid-
ered in FE analysis including bond-slip relation between concrete and reinforcement
[45]. It is important to study the crack development and concrete crushing to build
a good basis for the modelling of FRP strengthened beams [41].

As pitting corrosion, also called local corrosion, has a major impact on the reduc-
tion of ultimate capacity and ductility of a beam, inclusion of local corrosion in
the FE model is of high importance to predict the capacity of corrosion damaged
RC structures. It has been shown that reduction of cross-sectional area of longi-
tudinal reinforcements at the location of pitting and general corrosion is able to
represent the reality [48]. According to Blomfors, weakening of concrete elements at
the location of bending cracks and corrosion-induced cracks in a FEA model gives
reasonable results in comparison to test results in terms of load vs deflection and
ultimate capacity [49, 44].

Normally, FRP strengthening is modelled in two different ways in a 3D model,
i) As shell elements with an orthotropic material; ii) As brick elements defined
with an isotropic 3D material representing the adhesive and unidirectional and bi-
directional smeared reinforcement of fibres [13]. In the case of a 2D model, 1D
beam elements with an isotropic material can be used [50, 15]. The bond behaviour
between the concrete and FRP has an influence on debonding of FRP and stiffness
of strengthened RC structures. Researchers have used different methods to model
the interface properties between concrete and FRP in non-linear FEA. According to
current literature, two different methods have been found more common: i)Perfect
bond in between concrete and FRP [51]; ii) Interface elements between the concrete
and FRP [16, 52]. Among these two methods, the interface elements have been
used most commonly to simulate the interaction between concrete and FRP. In this
method, the interfacial properties can be assigned by defining the constitutive bond
stress - slip relationship or shear traction-separation law [53, 54]. The bond stress -
slip relationship commonly used comprises of two phases: i) The first elastic phase,
the bond stress increases with slip until the bond strength of the interface reaches
its maximum strength; ii) In next phase, the bond stress decreases with increased
slip [55].
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4 Summary of experiments

The RC beams analysed in this FEA study were tested in four-point bending until
failure by Yang [18]. The first test group, RN, included two sound beams to act as
reference. Among the deteriorated beams, two were non-strengthened (DN), three
were strengthened with GFRP (DG) and three were strengthened with CFRP (DC),
see Table 4.2. In the following sections, the geometry, corrosion levels, and other
material properties from the experimental study are presented. For more detailed
information about the tests, the reader is referred to Yang [18].

4.1 Beam geometry and material properties

The tested RC beam specimens have 2.1 m length, 225 mm height and 150 mm width
as shown in Figure 4.1. The concrete mix had proportion of cement:sand:gravel:water
= 1:2.46:1.90:0.43 by weight. Concrete cubes (side length 150mm) have been used
in standard compressive tests to obtain the compressive strength of concrete, and
cylindrical specimens (100mm diameter and 200mm height) have been used to ob-
tain the elastic modulus [18]. Wedge-splitting tests have been carried out to obtain
tensile fracture energy of concrete. The stress versus strain relationship and young
modulus of the reinforcement bars has been measured by standard tensile tests [18].
The properties of concrete and reinforcement at the time of structural failure tests
are presented in section 5.3 and 5.4 respectively. The longitudinal reinforcements
had a diameter of 12mm and 10mm, see Figure 4.1(right). The level of tensile and
compressive rebars from bottom surface of beam for the different beam categories
are shown in Table 4.1. The stirrups of diameter 8mm were spaced equally at dis-
tance of 125mm at outer 750mm region with a clear cover of 20mm as shown in
Figure 4.1.
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Figure 4.1: Beam geometry and cross-section [18].
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4. Summary of experiments

Table 4.1: Position of the tensile and compressive steel reinforcement bars in beam
specimens in relation to the beam soffit [18].

Specimens hst 1[mm] hsc1[mm]
RN1 41 190
RN2 40 189
DN1 40 191
DN2 N.A. N.A.
DG1 39 189
DG2 39 190
DG3 38 190
DC1 38 189
DC2 39 191
DC3 41 192
1 hst - Level of bottom rebars
2 hsc - Level of top rebars

4.2 Pre-cracking and accelerated corrosion

To achieve a realistic corrosion pattern with both general and pitting corrosion in
the deteriorated beams, they have been pre-cracked by three-point bending followed
by accelerated corrosion of the tensile reinforcement bars at mid 600mm zone. The
three-point bending and the accelerated corrosion resulted into transverse bending
cracks and longitudinal corrosion-induced cracks. The magnitude and location of
these pre-cracks are presented in Appendix B.

4.3 FRP strengthening method

The six beams in groups DG and DC have been strengthened after the accelerated
corrosion stage. Figure 4.2 shows how the FRPs have been bonded externally to the
concrete surface. For group DG, a 1500 mm long and 150 mm wide GFRP laminate
was attached to the beam soffit. For the DC group, a 1500 mm long CFRP plate
with a cross section of 100x1.45 mm2 has been attached to the beam soffit. After
48-hours of curing, U-jackets made of CFRP have been installed to the DG and DC
beams, see Figure 4.2. The fibers of the U-jackets were oriented in the transverse
direction. Vertical U-jackets had one layer of CFRP fabric, whereas the 45° inclined
U-jackets had three layers of CFRP fabric. After bonding of the FRPs, the beams
have been cured for four weeks prior to the four-point bending tests.
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Figure 4.2: FRP strengthening method used by Yang to the corrosion damaged
concrete beams [18].

4.4 Four-point bending test
The beams with an effective span of 1.8m have been tested in four-point bending as
presented in Figure 4.3. Variable differential transformers (LVDT) have been used
to measure the net deflection at the middle of beam and at the two steel supports.
In the FRP composites, the axial strains at critical positions have been measured
by strain gauges (SG1-SG8), see Figure 4.2.
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Figure 4.3: RC beam subjected to four-point bending until failure [18].

4.5 Corrosion levels
After the four-point bending tests, the tensile reinforcement bars have been extracted
from the beams and the corrosion levels have been measured using 3D optical scan-
ning [18]. The measured cross-sectional area of the rebars before and after corrosion
are presented in Appendix C. Information about the average and pitting corrosion
levels are shown in Table 4.2.
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4. Summary of experiments

Table 4.2: Corrosion levels in tensile reinforcement bars tested by Yang, I and II
represent numbering for the bars [18].

Specimen Flexural
strengthening

material

Average
corrosion
level [%]

Max. local
corrosion
level [%]

I II I II
RN1 - - - - -
RN2 - - - - -
DN1 - 20 19 50 48
DN2 - 20 21 46 54
DG1 GFRP 22 17 51 40
DG2 GFRP 21 20 43 54
DG3 GFRP 18 23 43 53
DC1 CFRP 23 20 53 55
DC2 CFRP 21 22 49 41
DC3 CFRP 21 22 54 57
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5 NLFEA of experiments
The flexural behaviour of reference, corrosion damaged and FRP strengthened RC
beams tested by Yang [18] was studied with 3D NLFEA in DIANA FEA [17]. The
concrete beams were modelled using 3D solid (continuum) elements and the ten-
sile reinforcements were modelled as beam elements. The interaction between the
bottom longitudinal reinforcement, FRPs and concrete was modelled with interface
elements. The top reinforcement and the stirrups were modelled as embedded rein-
forcement with full interaction. In this chapter, the FE modelling approaches are
presented.

5.1 Overview of FE-models
Out of ten tested specimens, see section 4.5, one beam from each of the four different
categories were modelled in DIANA 10.4. Reference beam (RN1), corroded but non-
strengthened specimen (DN1) and corroded beams strengthened with GFRP and
CFRP (DG1 and DC1 respectively) were modelled with different modelling choices.
An overview of the analyses with different modelling choices is presented in Table
5.1.

Table 5.1: Overview of FE models

Beam FEA model Description
RN1 RN1_FEA Reference RC beam

DN1
DN1_FEA Three major corrosion pits in each rebar
DN1P1_FEA One major corrosion pit in each rebar

DN1P1E_FEA One major corrosion pit in each rebar
with extended yield penetration length

DG1

DG1N_FEA Corroded but non-strengthened
DG1S_FEA Corroded, strengthened with GFRP sheet only

DG1IU_FEA Corroded, strengthened with GFRP
sheet and inclined U-jackets

DG1NLI_FEA
Corroded, strengthened with GFRP sheet,
vertical and inclined U-jackets,
non-linear interface for U-jackets

DG1_FEA
Corroded, strengthened with GFRP sheet,
vertical and inclined U-jackets,
linear interface for U-jackets

DC1

DC1N_FEA Corroded, but non-strengthened
DC1P_FEA Corroded, strengthened with CFRP plate only

DC1IU_FEA Corroded, strengthened with CFRP plate
and inclined U-jackets

DC1_FEA Corroded, strengthened with CFRP plate,
vertical and inclined U-jackets
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5. NLFEA of experiments

5.2 Idealisation of a beam
Since the corrosion damage was not symmetrical for the damaged RC beams, the
3D models of RN, DN, DG and DC beams were modelled with their complete
geometry. The reference beam was used as a base, and was further developed for
modelling of the corroded and strengthened beams. The concrete was modelled
with 3D continuum elements. The idealisation of the reference beam for the 3D
FE modelling can be seen in Figures 5.1, 5.2, and 5.3. The tensile longitudinal
reinforcement bars were modelled as one-dimensional beam elements while the top
rebars and stirrups were assigned as embedded reinforcement. Moreover, the tensile
rebars were connected to surrounding concrete by interface properties as described
in section 5.6. In the experiments, roller supports and steel plates were used at the
supports and steel plates at the loading points. In the FE model, the loading and
support plates were modelled as 25 mm thick plates with solid elements, and thin
wooden plates were applied under them to avoid stress concentration on the concrete
elements near the plates. The centre nodes along the support plates were restricted
to displace vertically at both left and right support plates, and restricted horizontally
at one of the supports, see Figures 5.1 and 5.2. The support and loading plates
were connected to the concrete surface with structural plane interface elements. The
load distribution beam, used in the tests, was idealized with beam elements. The
end nodes of the loading beam were tied to the center lines of the load plates in
their vertical displacement. Furthermore, the center node of the loading beam was
restricted to displace horizontally to ensure the stability of the loading beam. The
deformation controlled load was applied through the centre of the loading beam, see
Figures 5.1 and 5.2. The rebar numbering which is used for corrosion modelling is
presented in Figure 5.3.
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Figure 5.1: Idealisation of the reference beam.
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𝑢𝑥, 𝑢𝑧 = 0

𝑢𝑧 = 0

Loading beam

Figure 5.2: 3D view of the idealised reference beam.

Bar II

Bar I

Figure 5.3: 3D view presenting the rebar numbering.

5.3 Material model for concrete

In Table 5.2, the material properties of concrete used in the FEA are shown; these
are based on compression and wedge split tests conducted by Yang [18]. Cracking
of concrete was modelled by smeared rotating crack model based on total strain in
DIANA 10.4. The crack band width was assumed as 3

√
V , where V is the volume of

a 3D concrete element, as proposed by Rots [56]. This crack band width was later
verified against approximate length of zones with localised strains in the analysis.
For the reference beam, the tensile strength of the concrete elements at the mid
section, see Figure 5.7, was reduced by 20% to promote the strain localization; this
largely improved the convergence.
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Table 5.2: Material properties of concrete used in the non-linear analyses.

Concrete properties Value Reference
Mean compressive strength [MPa] fcm = 0.8fcm.cube 63 [18, 26]
Mean tensile strength [MPa] fct = 2.12ln(1 + 0.1fcm) 4.21 [26]
Young’s modulus [GPa] Ecm 33.3 [18]
Tensile Fracture Energy [N/m] GF 134 [18]
Compressive Fracture Energy [N/m] GC = 250GF 33500 [26]

The tensile behaviour of concrete was characterized by the tensile strength-strain
relationship introduced by Hordijk [57], as shown in Figure 5.4 (a). The behaviour
of concrete in compression was taken into account by a parabolic compression curve
according to Feenstra [58], with a softening branch as shown in Figure 5.4 (b), which
is characterized by Equation 5.1:

αc/3 = −1
3
fcm
Ecm

αc = 5αc/3

αu = αc −
3
2
Gc

hfcm

(5.1)

The softening branch of the compression curve is based on the compressive fracture
energy. A reduction factor of 0.6 due to lateral cracking was used according to
Vecchio & Collins [59].
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Figure 5.4: (a) Tensile stress-strain curve proposed by Hordijk [57] (b) Parabolic
compression curve proposed by Feenstra [58], here α and h represents strain and
crack band width, respectively.

5.4 Material model for reinforcement bars
The tensile stress-strain curve as shown in Figure 5.5 was given as an input to simu-
late the behaviour of reinforcement in the FE analysis. The stress-strain properties
of the steel reinforcement bars were obtained from standard tensile tests performed
by Yang [18]. As shown in Figure 5.5, six tensile tests of both the top and bottom
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5. NLFEA of experiments

rebars have been carried out. A curve fitting the average of the test results was
used as input in the FE analyses. The material parameters of tensile, compression
reinforcement and stirrups are presented in Appendix A.

(a) (b)

Figure 5.5: Tensile stress-strain relationship of longitudinal reinforcements from
tensile test and indicating how it was implemented in FE modelling for: (a) bottom
rebars (b) top rebars.

5.5 Loading and support plates
Steel plates were used at the position of support and loading points to avoid high
stress concentration. Linear properties of the steel plates were assumed with an E-
modulus of 200 GPa and a Poisson’s ratio of 0.3. Interface properties were assigned
between concrete and steel plates according to Belletti [40], see Table 5.3. Here,
DSSX, DSSY are shear stiffness modulus along x and y-directions respectively and
DSNZ is normal stiffness modulus along z-direction.

Table 5.3: Steel plate-concrete interface properties [40].

DSNZ[N/m3] DSSX[N/m3] DSSY [N/m3]
3.42 · 1013 3.42 · 105 3.42 · 105

5.6 Concrete-reinforcement interaction
To predict better crack patterns and proper flexural response of the beam beyond
cracking, the interaction between concrete and main reinforcement was modelled
with a bond stress-slip relationship according to fib Model Code 2010 [26]. The
"Good" bond condition and "Pull-Out" failure condition was assumed in fib Model
Code bond slip formulation. As shown in Figure 5.6, the Model Code bond-slip
relation was characterized by τbmax = 19.84 MPa, τbf = 0.4τbmax, s1 = 1 mm, s2 = 2
mm and s3 = 5 mm. The shear stiffness of concrete-reinforcement interface was set
to be 1012 N/m3; this value is however overruled by the nonlinear bond stress-slip
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relationship. The normal stiffness was 1013 N/m3. Between top reinforcement and
concrete, as well as between stirrups and concrete, full interaction was assumed.

(𝑠1, 𝜏bmax ) (𝑠2, 𝜏bmax )

(𝑠3, 𝜏bf )

Figure 5.6: Bond stress-slip relationship between tensile reinforcement and con-
crete, according to Model Code 2010 [26].

5.7 FE mesh

The concrete was modelled with 3D solid continuum elements of brick, tetrahedron,
pyramid, and wedges (HX24L, TE12L, PY15L, TP18L, respectively), all with linear
interpolation and gauss integration. The average size of element lengths was set to 20
mm; lower than minimum of ( l

50 ,
h
6 ,

b
6), as suggested by Hendriks [60]. A 3D view of

a meshed beam can be seen in Figure 5.7. The interface between the concrete beam
and steel plates was modelled using Q24IF elements. Longitudinal reinforcement
bars were modelled as beam elements. The loading beam was modelled with three-
dimensional two nodal beam elements (L12BEA).
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Figure 5.7: 3D FE mesh of the reference beam (FE model RN1). Grey color
indicates concrete, red color shows weakened concrete elements, and blue color rep-
resents loading and support plates.

5.8 Incorporation of pre-existing cracks
For beams in the categories DN1, DG1 and DC1, the cracks induced due to pre-
loading (transverse cracks) and corrosion (longitudinal cracks) were incorporated by
reducing tensile strength for the corresponding concrete elements, as suggested by
Blomfors et. al. [49, 44]. The reduced tensile properties of the weakened concrete
elements were determined from a bilinear mode-I stress-to-crack width relationship
with a break point according to Wittmann et al, see Figure 5.8(a) [61].

σs = 0.25fctm; wult = 5Gf

fctm
[26]; ws = 0.15wult (5.2)

Here, σs = 1.05 MPa, wult = 0.159 mm, ws = 0.0239 mm.

The transverse and longitudinal cracks, which have unique crack widths, were ex-
tracted from the test results [18]. The cracks which were measured on the tensile
edge of the beam were considered in FE modelling. For each of the transverse cracks,
the crack width was assumed to be constant along the width of beam. Moreover, the
longitudinal cracks were assumed to have same crack width through out their crack
length. For the crack widths larger than the breaking point in the bilinear mode-I
stress-to-crack width curve, the widest crack width was chosen. Furthermore, for the
cracks with a width close to or larger than the ultimate crack width (wult), tensile
strength corresponding to 0.99wult was assumed.

For chosen crack width, the tensile stress (fct,c) and residual fracture energy, (GF,wc)
were determined from the bilinear mode-I stress-to-crack width curve, Figure 5.8(a).
The stress-crack width relationship was then converted to the corresponding stress-
strain relationship by dividing with Ecm and the crack band width (h) respectively,
see Figure 5.8(b) and (c). The ultimate strain (εwc,ult), in resulting stress-strain
relationship, for the weakened elements were calculated so that residual fracture
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energy, (GF,wc) divided by the crack band width, is equal to the area under the
stress-strain curve, in Figure 5.8(c).

εwc,ult = wult − wc
h

for wc > ws (5.3)

The resulting tensile stress-strain relationship was given as input for the weakened
concrete element rows in FE modelling. For the weakened elements, the strain
localization was assumed over an element, so that h = 20mm.
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Figure 5.8: Principle of deriving resulting stress-strain curve for weakened concrete
using the crack widths, reproduced from Blomfors [49]: a) Bi-linear stress-crack
opening relationship [61], b) Stress-strain relationship, using the crack band width
h, c) The resulting stress-strain relationship for the weakened elements.

In Figure 5.9, a 3D view of weakened concrete elements corresponding to pre-existing
cracks in DN1 beam is shown. In general, the corrosion-induced cracks in the bottom
face of the beams, were assumed to extend up to twice the level of the tensile rebars
from the beam soffit. Moreover, for cracks at the side face, elements at the level of
the tensile rebars were weakened. These cracks were assumed to extend twice the
effective cover of the tensile rebar along the width of beam. A detailed presentation
of the crack widths, their coordinates and the resulting stress-strain inputs for the
cracks corresponding to beams: DN1, DG1 and DC1 are presented in Appendix B.

Pre-loading induced cracks

Corrosion-induced cracks

Figure 5.9: 3D view of DN1 beam model with weakened elements for pre-loading
and corrosion-induced cracks.
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5.9 Incorporation of corrosion damage of reinforce-
ment bars

Yang [18] measured both the average and local corrosion along the tensile rebars us-
ing 3D scanning. These measured general and pitting corrosion characteristics were
implemented in the FE model by reducing the cross-sectional area of the corroded
tensile rebars. The cross-sectional areas of the rebars were reduced by percentage of
average corrosion level in the mid 900 mm, see Table 5.5. As the flexural behaviour
of the damaged RC beam were highly dependent on the level of pitting corrosion
[18], special attention was given to model pitting corrosion. At the locations of
major pits, the cross-sectional areas of both bottom rebars were reduced according
to the 3D scanned values.

As metioned in chapter 2.3.2, at loading large localized strains are generated at the
location of pitting corrosion. The localized strains can be assumed to spread within
a certain region, so-called yield length, ly. To properly describe the deformation
capacity at modelling, it is important that the size of the yield length near the pits
is described properly. By looking at the equilibrium of a uniaxially loaded bar with
varying corrosion levels and a corrosion pit with maximum corrosion level (µmax), it
can be found that yielding will not spread outside a zone around the pit where the
local corrosion level becomes smaller than µp, see Figure 5.10.

𝜇𝑚𝑎𝑥

𝐹𝜇.𝑚𝑎𝑥 = (1 − 𝜇𝑚𝑎𝑥)𝐴𝑖𝑛𝑖∗ 𝑓𝑢

𝐹𝜇.𝑝 = (1 − 𝜇𝑝)𝐴𝑖𝑛𝑖∗ 𝑓𝑦

𝜇𝑝

𝑙𝑦

Figure 5.10: Figure showing the forces in a rebar with varying corrosion damages,
at a cross-section of maximum corrosion, µmax (Fµ.max) and at the cross-section of
the end of yield penetration with corrosion level µp (Fµ.p).

The corrosion level at the end of yield penetration, µp, can be derived from equilib-
rium i.e. by setting Fµ.max = Fµ.p. Thusmup:

µp = 1− (1− µmax)fu/fy (5.4)
where µmax is the maximum corrosion level of the pit:

µmax = 1− Acorr.min/Aini (5.5)

Thereafter, the cross-sectional area of rebar at the end of yield penetration, Ap, was
calculation by using equation:

Ap = (1− µp)Aini (5.6)
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where Aini and Acorr.min are the cross-sectional area of a rebar before corrosion
(nominal area) and minimum cross-sectional area of the rebar at pit after corrosion
respectively, fu and fy are the ultimate and yield strength of the rebars. The
expected yield length (ly) was estimated by measuring the length of the pit using
the 3D scanned rebars, see Figure 5.11. Moreover, Figure 5.11 presents how the
average and local corrosion was implemented in the FE model for bar I of the DN1
beam. The explanation regarding the corrosion pits that were considered in FE
modelling for all the analyses is presented in Appendix C.

ly

𝐴corr.min.a

𝐴𝑝.a
ly

𝐴𝑝.c

𝐴corr.min.c𝐴corr.min.b

𝐴𝑝.b

ly

Pit a

Pit b Pit c

Figure 5.11: Example of how the yield length (ly) was estimated using the 3D
scanning of bar I of DN1 beam and implemented in FE model. Acorr.min.a, Acorr.min.b
and Acorr.min.c are the minimum cross-sectional areas and Ap.a, Ap.b and Ap.c are
cross-section areas of a rebar at the end of yield penetration, corresponding to pit,
a, b and c respectively. 3D scanned data shows the cross-sectional area of rebar
before and after corrosion.

As shown in Figure 5.11 (bottom), the cross-sectional area of the corrosion pits
were reduced for the rebar elements at the location of pits in FE model. However,
as shown in Table 5.4, the yield length was not always equal to an integer (n)
multiple of the element length, le. Therefore, to simulate the accurate structural
behaviour of the corroded rebars, the strains need to be modified when the yield
length is not equal to the integer (n) multiple of the element length. The input for
the ultimate and rupture strain of the rebars were modified according to Equation
5.7. The strain corresponding to the ultimate stress in the rebars was considered as
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the ultimate strain.
εu.mod = εuly/nle (5.7)

where εu is the initial ultimate strain of the rebars. ly and le are the yield and
element length respectively. The ultimate and rupture strain values for the pits
are shown in Table 5.4 and Appendix C. In Table 5.4, the input for the corrosion
modelling of the pits for the different bars are presented. Moreover, when modelling
the non-strengthened corroded beam, DN1, special care was taken to understand
the effects of corrosion modelling on the flexural response of the deteriorated beam.
Therefore, a number of models were analysed to study the effects of number of pits
and how close the pits were to each other in the different rebars. Furthermore, it
was investigated how adding "neighbouring" elements to the pit, i.e increasing the
yielding length, affects the deformation capacity of the beam. These neighbouring
elements were assigned the cross-sectional area of Ap according to Equation 5.6. In
Table 5.5, the input for modelling the general corrosion of the bars is presented.

Table 5.4: Input for modelling of the pitting corrosion. Here, I and II rep-
resent numbering for the two tensile reinforcement bars, a, b and c represent
numbering for major corrosion pits in corresponding tensile rebars.

Bar/Pit yield length 1

[mm]
x-coordinate 2

[mm]
µmax

3

[%]
Acorr.min
[mm2]

εu.mod
4

[%]
εrup.mod

5

[%]
DN1

Ia 20 950-970 45 69.60 8.10 12.0
Ib 25 1090-1110 48 66.12 10.12 15.0
Ic 45 1210-1250 50 63.80 9.11 13.50
IIa 15 970-990 52 61.48 6.10 9.0
IIb 12 1108-1128 44 71.92 4.86 7.20
IIc 75 1190-1270 35 83.28 7.59 11.25

DG1
Ia 20 970-990 51 62.64 8.10 12.0
Ib 20 1190-1210 51 62.29 8.10 12.0
IIa 40 930-970 33 84.91 8.10 12.0
IIb 20 1335-1355 36 81.55 8.10 12.0

DC1
Ia 60 910-970 53 56.99 8.10 12.0
Ib 10 1220-1240 55 54.80 4.05 6.0
IIa 20 885-905 55 53.35 8.10 12.0
IIb 20 1210-1230 43 71.96 8.10 12.0

1 Length of yield penetration estimated from 3D scanned data as shown in
Fig 5.11

2 x-coordinate of pits implemented in FE modelling
3 µmax - maximum corrosion level
4 εu.mod - modified ultimate strain in the pit corresponding to ultimate tensile
strength in tensile curve, see Figure 5.5

5 εrup.mod - modified rupture strain
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Table 5.5: Input for modelling of the general corrosion.

Bar x-coordinate 1[mm] rebar area [mm2]
DN1

I 600-1500 90.4
II 91.53

DG1
I 600-1500 88.14
II 93.79

DC1
I 600-1500 87.01
II 90.04
1 The general corrosion is applied in these x-
coordinates except at the location of pits as
mentioned in Table 5.4.

5.10 Modelling of strengthening

The overall layout and dimensions of the FRP strengthening scheme can be seen in
section 4.3 and Figure 4.2. The FRPs were modelled as 3D plane stress (membrane)
quadrilateral elements (Q12GME elements). The material properties of the GFRP
sheet and CFRP plate were assigned as an isotropic material according to Table
5.6. Orthotropic material properties were assigned for the unidirectional vertical
U-jackets, see Table 5.7. The stiffness in the weak direction, x-direction in Figure
5.12, of the vertical U-jackets was assumed to be same as the epoxy which was used
between the CFRP plate and the concrete. However, for the inclined U-jackets, an
isotropic material was used since they were placed at the end of the beams and
can be assumed to have minor influence on the flexural capacity. The linear stress-
strain relationship of the FRP as shown in Figure 5.13 (a) was implemented in FE
analyses as a linear elastic material with a brittle failure when reaching the tensile
strength. The tensile strength for the FRP material, in Figure 5.13 (a), was calcu-
lated by multiplying the elastic modulus (Ef ) with the rupture strain (εfu). The
tensile strength and strain input for the FRP materials are shown in Appendix D.

In Figure 5.12, the meshing of the FRPs for the DG1 beam are presented, where
the different geometries are indicated with arrows. The average element size of the
FRP was set to 20 mm to align with the concrete. However, a mesh size of 5 mm
was chosen for CFRP plate in beam category DC1 as recommended by Kalfat [13].
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Inclined U-jackets Vertical U-jackets
GFRP sheet

Figure 5.12: Mesh for FRPs in a model of the DG1 beam.

Table 5.6: Dimensions and material properties of isotropic FRP composites [18].

FRP composites width×thickness[mmxmm] Ef
1[GPa] εfu

2[%] ν3

GFRP laminate 150×3.03 20.2 1.82 0.2
CFRP plate 100×1.45 214 1.27 0.2

Inclined CFRP U-jacket 100×2.39 57.6 1.24 0.2
1 Ef – modulus of elasticity
2 εfu - ultimate tensile strain at rupture
3 ν-poisson’s ratio

Table 5.7: Dimensions and material properties of vertical U-jackets
(orthotropic CFRP composite) [18].

widht×thickness 1

[mmxmm] Efx
1[GPa] Efy

2[GPa] εfu
3[%] ν4 Gxy

5[GPa]

100×0.797 7.1 57.6 1.24 0.2 5
1 Efx – modulus of elasticity in x-direction
2 Efy – modulus of elasticity in y-direction
3 εfu – ultimate tensile strain at rupture
4 ν– Poisson’s ratio
5 Gxy – shear modulus

The interface properties between FRPs and concrete were modelled as 3D structural
plane interface (Q24IF elements). The non-linear interface properties were modelled
by the bi-linear bond stress-slip relationship proposed by Lu et al. [54], see Figure
5.13(b). This bi-linear bond stress-slip relationship is characterized by:

τ = τmaxs/s0 if s ≤ s0 (5.8)
τ = τmax(sf − s/sf − s0) if s0 < s ≤ sf (5.9)
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τ = 0 if s > sf (5.10)

here, s0 = 0.0611 mm and 0.07 mm, sf = 0.149 mm and 0.182 mm, τmax = 4.71
MPa and 5.74 MPa for GFRP-concrete and CFRP-concrete interfaces respectively
are also based on Lu et al. [54]. For the connection between U-jackets to concrete
and U-jackets to CFRP plate, the same bond stress-slip relationships were consid-
ered. This assumption was made since no specific interface properties for U-jackets
has been found in present literature. However, for the DG1 beam, two different
types of analyses were carried out: One with non-linear interface properties for the
connection between U-jackets and GFRP sheet, and another one assuming only lin-
ear properties, i.e. stiffness corresponding to the inclination of the first segment in
the bi-linear relationship. A detailed presentation of the interface properties for all
models can be found in Appendix D.
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Figure 5.13: FRP modelling parameters: a) Tensile strength- strain relationship
b) Bi-linear bond stress-slip relationship for concrete and FRP interface [54]

5.11 Load increment and convergence criteria
The non-linear FEA of RC beams were done by applying deformation controlled
loading, as shown in Figure 5.1. For the reference beam, the deformation was ap-
plied in 500 steps of 0.05 mm followed by 400 steps of 0.1 mm. For the analyses of
deteriorated (DN1) and strengthened (DG1 and DC1) beams, the deformation was
applied in 250 steps of 0.02 mm followed by 500 steps of 0.05 mm. The secant iter-
ation, (quasi-Newton iteration) BFGS (Broyden, Fletcher, Goldfarb, and Shanno)
method was used to perform iteration and maximum number of iterations was set
to 400 to achieve convergence. As suggested by Hendriks, an energy norm of 0.001
and a force norm of 0.01 was implemented as a tolerance limit for convergence in
analysis of RN1 and DN1 beams [60]. However, the limit for energy norm was set to
0.01 for the analysis of beams under the DC1 category to achieve the convergence.
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6 Results and comparisons

In this chapter, the results from the FE analyses with different modelling choices
are presented. The flexural behaviour of four beams; RN1, DN1, DG1 and DC1
are presented and compared with the test results. The effects of pitting corrosion
on the deformation and ultimate capacity of the RC beams are also presented in
terms of load versus mid span deflection curves. In addition to the tested beams,
FE analyses results from different modelling choices, see Table 5.1, are presented to
study the effectiveness of the FRP strengthening methods to improve the ultimate
load and deformation capacity. In these analyses, the FRP plate/sheet, inclined and
vertical U-jackets were applied in stages.

6.1 Flexural behaviour

The flexural behaviour of four different beams (reference, non-strengthened cor-
roded, and corroded but strengthened with GFRP and CFRP) in terms of load
versus deflection curves from experiments and FEA are shown in Figure 6.2. The
difference between the tests and FEA results in ultimate load capacity and corre-
sponding deflection at mid span of the beams are presented in Table 6.1. The FE
analyses were able to capture the same failure mode as in the experiments, see Table
6.1. Failure due to concrete crushing after yielding of tensile reinforcement caused
the flexural failure of the reference beam, see Fig 6.3. In the FE analysis of the
reference beam, crushing of the concrete was localized into one element row, which
agreed with the assumed localization zone, see Figure 6.3. As shown in Figure 6.4,
rupture of the bar at the left pit in second (II) bottom rebar caused the brittle fail-
ure of the non-strengthened deteriorated beam. The brittle failure due to rupture
of the GFRP sheet was found in DG1 beam (FE model DG1_FEA), see Figure 6.5.
Furthermore, DC1 beam (FE model DC1_FEA) failed due to a brittle anchorage
failure at the end of the CFRP plate, see Figure 6.6.

It is worth to note that the ultimate load capacity of the reference beam (RN1) was
88.8 kN in the FE analysis, which is 14% larger than the test result. This differ-
ence was carefully investigated. An analytical calculation was done to calculate the
cracking, yielding, and the ultimate load of the reference beam, see Appendix E. As
shown in Figure 6.1, the yield and ultimate capacity from the FE analysis of the
reference beam matched well with the analytical calculations.
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Figure 6.1: A comparison of yielding and ultimate load capacity from test, FE
analysis and analytical calculation of reference beam. Here, RN refer to reference
beam, FEA and EXP correspond to FE analysis and experiment respectively.

The FE analysis predicted the ultimate capacity and corresponding deformation of
50.8 kN and 17.9 mm for the non-strengthened RC beam (DN1), which was 22%
and 10% larger than the test results respectively. The stiffness, yield and ultimate
load carrying capacity of the corroded beam was reduced drastically compared to
the reference beam, see Figure 6.2.

In both FE analyses and tests, the stiffness and load capacity of the corroded beams
were increased substantially after application of the FRP. FE analyses predicted the
ultimate capacity of the GFRP and CFRP strengthened beams as 131 kN and 168
kN respectively.

Table 6.1: Ultimate load capacity and failure modes of all beam specimens in
experiments (EXP) and FEA.

Specimens Fu
1[kN] ∆u

2[mm] Failure mode
EXP FEA Ratio EXP FEA Ratio EXP and FEA

RN1 77.7 88.8 1.14 46.7 53.0 1.13 CC3

DN1 41.5 50.8 1.22 16.3 17.9 1.10 RS4

DG1 135.8 131.0 0.96 20.1 22.8 1.13 RG5

DC1 170.8 168.0 0.98 16.4 14.6 0.89 AC6

1 Fu - Total ultimate load applied.
2 ∆u - Corresponding deflection at mid span of beam.
3 CC - Failure due to concrete crushing
4 RS - Rupture of steel rebar
5 RG - Rupture of GFRP sheet
6 AC - Anchorage failure of CFRP plate
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Figure 6.2: Load versus mid-span deflection, FE analyses results are compared
with the experimental results.

(a) (b)

Concrete crushing localized into 
one element row 

Figure 6.3: The concrete compressive stress vs strain at one of the critical integra-
tion points in the analysis of RN1 beam; all elements in a row along the y-direction
failed in the crushed state: (a) stress vs strain at the critical integration point asso-
ciated to the concrete element indicated in (b), (b) Failure of the RN1 beam due to
concrete crushing and localization of concrete crushing into one element row, photo
from test shows crushing of concrete at failure.
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(a) (b)

High strains at right pit
(Not critical) 

Bar II ruptured at left pit 

Figure 6.4: The stress versus strain for tensile bar II at the critical pit of DN1
beam: (a) stress versus strain at left pit which initiated failure of the beam, (b)
reinforcement element with high strain which initiated failure of the beam due to
rupture, photo from experiment shows failure due to rupture of corroded tensile
rebar.

(a) (b)

GFRP ruptures close to the beam centre

Figure 6.5: The strain development for DG1 beam: (a) the strain versus mid span
deflection for GFRP sheet at an integration point corresponding to rupture at mid
section, and FE results are compared to the test results, (b) rupture of GFRP sheet
in FE analysis compared to GFRP rupture from experiment.
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Slip values extracted

(a) (b)

Figure 6.6: (a) End slip versus mid span deflection of CFRP plate in DC1 beam
from FE analyses, b) high slip values at the end of CFRP plate indicating anchorage
failure as in experiment. The test photo shows slip of the CFRP plate along with
inclined U-jackets towards the center of the beam.

6.2 Crack patterns

In this section, the crack pattern at a mid span deflection of 9.39 mm are compared,
from DIC measurements during experiments and from FE analyses, see Fig 6.7. As
the cracks in FE analyses were localized into one element row, the assumed crack
bandwidth was validated. In RN1 beam, the cracks were well distributed over the
mid 900 mm region, both in the experiment and the FE analysis. However, the crack
width was increased and cracks were localized in the mid section in-between the
loading plates of the damaged beam. Both in FE analyses and tests, the application
of FRPs suppressed the crack opening effectively, and thereby reduced both the
number and width of cracks.
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Figure 6.7: Comparison of crack pattern from tests (DIC results) and FE analyses.
EXX is the tensile strain along longitudinal direction of the beams. RN1- refernce
beam, DN1-damaged but non-strengthened beam, DG1-strengthened with GFRP
sheet and DC1-strengthened with CFRP sheet.

6.3 Effects of corrosion

Effects of general and pitting corrosion were studied by analysing the beam of cate-
gory DN1, see result in Figure 6.8. The general corrosion did not have considerable
effects on ultimate and deformation capacity, while it had small influence on stiff-
ness in the initial stage before yielding. However, modelling of the pitting corrosion
showed significant effects on deformation capacity of the deteriorated beams. Three
different modelling approaches were examined to model the pitting corrosion. The
different input parameters such as location of pits, pits area, tensile strength and
strain of pits and how the different corrosion pits were chosen in the FE models are
shown in chapter 5.9, Table 5.4 and a detailed presentation is shown in Appendix
C. It was found that the analysis with three major pits in each tensile rebar (model
DN1_FEA) agreed best with the test results. This analysis displayed a higher
deformation capacity compared to the other analyses, but almost equal ultimate ca-
pacity. The analysis with only one major pit in each bar at a critical section (model
DN1P1_FEA) displayed a much less ductile response. Model DN1P1E_FEA was
similar to model DN1P1_FEA but with extended yield length by reducing the
cross-sectional area of neighbouring elements on both sides of pit Ia and IIa of DN1
beam, see Appendix C. The FE analyses of DN1P1E_FEA model resulted in that
the rupture of the rebars did not happen simultaneously, see Figure 6.8.
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Figure 6.8: Load deflection curves for the DN1 beam with different corrosion
modelling, compared to test results.

6.4 Effects of FRP strengthening

6.4.1 Strengthening with GFRP sheet

To study the effect of each FRP component, four different models were analysed
with the FRP applied in stages. The first model was non-strengthened, i.e only
the corrosion was added to the model. For the second model, the GFRP sheet was
applied to the beam soffit. For the third model, the inclined U-jackets were applied
to the ends of the GFRP sheet. Finally, the fully strengthened model with all U-
jackets was analysed. The results of these analyses can be seen in Figure 6.9. For
the fully strengthened model, two different analyses results are presented: One with
linear interface properties between U-jackets and GFRP sheet, and the other with
non-linear interface properties between U-jackets and GFRP sheet.
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(a) (b)

Figure 6.9: (a) Load versus mid span deflection curves for DG1 beam with differ-
ent modelling choices (b) Strain at an integration point corresponding to the critical
section of GFRP sheet vs mid span deflection, for non-strengthened (DG1N_FEA),
strengthened with GFRP sheet (DG1S_FEA), inclined U-jackets (DG1I_FEA),
with non-linear interface properties and vertical U-jackets (DG1NLI_FEA and
DG1_FEA respectively).

In Table 6.2, the effect of each FRP component is presented. Furthermore, the failure
mode of each model is presented. Figure 6.10 shows how cracks were suppressed due
to the application of the GFRP sheet, inclined and vertical U-jackets.

Table 6.2: Comparison of the ultimate load, corresponding deformation capacity
and failure mode of the DG1 beam with different modelling choices.

FEA model Fu
1

[kN]
∆u

2

[mm] Failure mode

DG1N_FEA: non-strengthened 50.9 10.4 Rebar rupture
DG1P_FEA: strengthened
with GFRP sheet 94.5 14.7 Concrete

separation
DG1IU_FEA: strengthened with
GFRP sheet and inclined U-jackets 111.0 18.6 Anchorage failure

of GFRP sheet
DG1NLI_FEA: strengthened with
GFRP sheet, inclined and vertical U-jackets
non-linear interface properties for U-jackets

112.0 18.0 Anchorage failure
of GFRP sheet

DG1_FEA: strengthened with
GFRP sheet, inclined and vertical U-jackets
linear interface properties for U-jackets

131.0 25.4 GFRP rupture

1 Fu – Total ultimate load applied
2 ∆u – Deflection at mid span of beam corresponding to ultimate load
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DG1N_ FEA
9.39mm, 49.4kN

DG1P_ FEA
9.39mm, 78kN

DG1IU_ FEA
9.39mm, 81.6kN

DG1_ FEA
9.39mm, 85.9kN

Figure 6.10: Crack pattern of DG1 beam at different stages of FRP strengthening.
DG1N_FEA -non-strengthened , DG1S_FEA-strengthened with only GFRP sheet,
DG1I_FEA-added inclined U-jackets, and DG1_FEA added vertical U-jackets with
linear interface properties between U-jackets and GFRP.

6.4.2 Strengthening with CFRP plate

In this section, the improvement of the load and deformation capacity due to appli-
cation of CFRP plate, inclined and vertical U-jackets were studied in stages. The
load versus mid span deflection curves for different FRP strengthening stages are
shown in Figure 6.11 (a). Furthermore, the strain in the CFRP plate was plot-
ted against the mid span deflection to see the utilization of CFRP plate in each
strengthening stage, see Fig 6.11 (b). Moreover, the ultimate load-capacity and
corresponding deflection in mid span of RC beams are presented in Table 6.3.
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(a) (b)

Figure 6.11: (a) Load vs mid span deflection curves for DC1 beam with different
modelling choices (b) strain at an integration point corresponding to mid span sec-
tion vs mid span deflection for non-strengthened (DC1N_FEA), strengthened with
CFRP plate (DC1P_FEA), inclined U-jackets added (DC1IU_FEA) and vertical
U-jackets added (DC1_FEA), compared with experimental results (DC1_FEA).

The application of CFRP plate at the beam soffit increased the load capacity of the
damaged beam to 119 kN, which further increased to 160 kN after application of
inclined U-jackets at the end of CFRP plate on the soffit, see Table 6.3. Figure 6.12
shows the crack pattern in different strengthening stages. The crack openings were
suppressed effectively due to application of FRP.

Table 6.3: The ultimate load, corresponding mid span deflection and failure mode
of the DC1 beam with different modelling choices.

FEA model Fu
1

[kN]
∆u

2

[mm] Failure mode

DC1N_FEA: non-strengthened 49.6 10.1 Rebar rupture
DC1P_FEA: strengthened
with plate 119 11.8 Anchorage failure of

CFRP plate
DC1IU_FEA: strengthened with
plate and inclined U-jackets 160 14.5 Anchorage failure of

CFRP plate
DC1_FEA: strengthened with
plate, inclined and vertical U-jackets 168 14.6 Anchorage failure of

CFRP plate
1 Fu – Total ultimate load applied
2 ∆u – Deflection at mid span of beam corresponding to the ultimate load
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6. Results and comparisons

DC1N_ FEA
9.91mm, 50kN

DC1P_ FEA
9.91mm, 108.8kN

DC1IU_ FEA
9.9mm, 135kN

DC1_ FEA
9.9mm, 125kN

Figure 6.12: Crack pattern of DC1 beam at different amount of FRP
strengthening; non-strengthened (DC1N_FEA), strengthened with CFRP plate
(DC1P_FEA), inclined U-jackets added (DC1IU_FEA) and vertical U-jackets
added (DC1_FEA).
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7 Discussion
In general, the FE analyses showed a good correlation to the test results, and they
predicted the same failure mode as occurred in the tests for beams RN1, DN1,
DG1 and DC1. The overestimated capacity and stiffness of the reference beam
compared to the tests is slightly surprising. However, the model was approved as
an accurate model since it showed close correlation to the analytically calculated
capacities. Furthermore, a comparison was made of the cross-sectional forces from
the analysis of the reference beam at a cracked section to the analytical calculation,
see Appendix E. A number of possible reasons for the discrepancies to the test results
were investigated:

• Placement of the reinforcement bars were double checked in test photos.
• Double checked the nominal diameter and strength for the bottom reinforce-

ment bars.
• Double checked calibration of load cells used at beam testing.

From these investigations, no explanation was found for the discrepancies. However,
the analyses of strengthened beams agreed better with the tests results. This could
suggest that when the FRPs are the main component providing stiffness for the
beams, the results matched the tests better. This may suggest that the geometrical
and material properties of the FRPs had a higher accuracy.

The analyses of the DN1 beam were able to predict the same failure mode as in
the test, i.e rupture of the pitted rebars. The response of the corroded beam was
found to be highly sensitive to the modelling of pitting corrosion. This was stud-
ied by trying different modelling choices for the corrosion pits. It was considered
important to find a balance between having a simple and practical modelling ap-
proach of the corrosion pits and to have a response close to the test results. It
was found that the location of pits, yield lengths and number of pits considered
were influential to predict the stiffness and deformation capacity of the beams. It is
worthwhile to mention that, consideration of all major pits within the both tensile
rebars gave higher deformation capacity, close to the test result, by avoiding prema-
ture failure of the pits in the rebars. However, only one major pit in each rebar in
one critical section resulted in a too brittle failure. Furthermore, it is interesting to
note that average corrosion has barely any effect on ultimate and deformation ca-
pacity, instead it has small effect on the stiffness before yielding of the tensile rebars.

For the strengthened beams, the interface between the FRPs was assumed to have
the same bond-stress slip relationship for interface elements as between FRP and
concrete according to Lu et. al., see section 5.10. This method was derived based on
the concrete tensile strength and the relation between the width of the concrete and
the width of the FRP [54]. This assumption might have some influence on the stiff-
ness of the strengthened beams. Moreover, we noticed that the stiffness of the beams
under the category DG1 was affected significantly by the stiffness of the U-jackets
and also the interface properties between the GFRP and the U-jackets. For one of
the DG1 models, linear interface properties was assumed between the GFRP sheet
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7. Discussion

and the U-jackets. This assumption was accepted due to; i) the interface properties
from Lu et. al was considered to be too conservative, as it is meant for a connection
between concrete and FRP, not between FRPs, ii) relatively low slip values at the
ends of the GFRP sheet. For the beam in category DC1, the CFRP plate has rela-
tively high stiffness compared to the U-jackets and acted as the main load carrying
member. Therefore, the DC1 beam was less influenced by the connection between
the CFRP plate and U-jackets, so non-linear interface properties were successfully
implemented.

The deformation capacity of the DG1 and DC1 beams was increased, see Figures 6.9
and 6.11, compared to the corresponding non-strengthened beams. Such increase
could not be found in the experiments. This may be due to that the deformation
capacity is very sensitive to the placement and depth of individual corrosion pits;
while they were kept exactly the same in the analyses, they had a variation between
specimens in the experiments. This difference was seen in FE analyses because it
was possible to make the comparisons of strengthening measures of the same dete-
riorated beam, which can not be done in tests.

When analysing the beams under the category of DG1, it was found that the fail-
ure modes changed depending on how many of the FRP components were applied.
When only the GFRP sheet was applied, the failure was caused by concrete separa-
tion due to high tensile forces at the ends of the sheet. When the inclined U-jackets
were applied, the failure mode changed to anchorage failure. It is important to note
that a non-linear interface property was used between the inclined U-jackets and
the GFRP sheet for this analysis, which might be conservative as mentioned in a
previous paragraph. When applying the intermediate U-jackets and linear interface
properties between U-jackets and GFRP sheet, the failure mode changed to GFRP
sheet rupture. The utilization of the GFRP sheet was 54% for the beam with GFRP
sheet only; this increased to 71% after application of inclined U-jackets at the end
of GFRP sheet with non-linear interface properties between FRP connections.

For the beams under category DC1, it was found that the mesh size of the CFRP
plate was of high importance for the response. Mesh size of 5mm was required to
capture the high stress concentration at the vicinity of CFRP and concrete interface.
When applying a course mesh, high stress concentrations resulted in a premature
anchorage failure of the beam. The utilization of the CFRP plate was 28% for the
beam with CFRP plate only; this increased to 41% after application of inclined
U-jackets at the end of CFRP plate. The stiff CFRP plate had brittle anchorage
failure limiting the utilization of its high tensile strength. The inclined U-jackets
delayed the anchorage failure of the CFRP plate by providing extra anchorage to
the end of CFRP plate. It is interesting to note that the application of intermediate
U-jackets had negligible influence on load and deformation capacity for the beam
with CFRP plate. A reason for this might be since the CFRP plate has high stiffness
in comparison to U-jackets and the studied beam did not have significant corrosion
cracks. It can also be viewed as the inclined and vertical U-jackets were not mobilized
effectively in the experiments, which needs further research.
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8 Conclusions and future research

8.1 Conclusion
In this work, finite element analyses were carried out to study the effectiveness of
FRP strengthening methods regarding the load-carrying and deformation capacity
in bending of corrosion damaged RC beams. The FE analyses results were com-
pared and validated with test results. Pre-loading and corrosion-induced cracks
were incorporated by reducing the tensile strength of concrete elements correspond-
ing to crack locations. Pitting and average corrosion were implemented by reducing
the cross-sectional area of rebars at the location of corrosion. From this work, the
following conclusions were drawn:

• Non-linear finite element analysis were able to predict the structural behaviour
of damaged and strengthened RC beams in a reliable way. The FE analyses
were useful to study the effectiveness of strengthening methods by applying
FRP components in stages, which was not done in the experiments.

• Modelling of the corrosion pits was sensitive and crucial to predict the defor-
mation capacity and failure mode of the beam, while ultimate load remained
unaffected regardless of how the pits were modelled. Due to the pitting cor-
rosion of tensile rebars, the ultimate and deformation capacity of the dete-
riorated beam were reduced substantially. For the non-strengthened beam,
the ultimate and deformation capacity was limited to 57% and 34% of the
reference beam respectively.

• The average corrosion level was not influential on the load and deformation
capacity, while it had a small effect on the stiffness before yielding of the tensile
rebars.

• The ultimate load capacity and stiffness of the corrosion damaged RC beams
strengthened with CFRP and GFRP was increased significantly. The applica-
tion of FRP was able to suppress the opening of cracks effectively.

• For the studied beam geometry and corrosion damage, the application of the
intermediate vertical U-jackets were not influential to improve the flexural
performance of the damaged beams.

• The interface properties between FRP to concrete and between the FRPs in
the FE model are important to accurately predict the load-carrying capacity
and failure mode of the strengthened beams.

• The interface properties between the GFRP sheet and U-jackets were more
influential in predicting the flexural behaviour of the GFRP strengthened beam
than the interface properties between the CFRP plate and U-jackets.
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8. Conclusions and future research

8.2 Suggestions for future research
The analyses model were validated with results from a limited number of artificially
corroded tests. Thus, to get more reliable results, FE analyses need to be calibrated
with naturally corroded tested beams.

In the current study, corrosion-induced cracks were narrow and located in mid region
only. It would be interesting to analyse specimens with wider and longer corrosion-
induced cracks to investigate if this would increase the demand for intermediate
vertical U-jackets. Furthermore, in the present study, the extension of cracks from
surface to inside the concrete beams was not clear; more accurate techniques to
measure this would be preferred.

To further evaluate the effectiveness of the strengthening methods, it would be
necessary to study beams with varying dimensions, corrosion patterns and levels,
spacing and dimensions of FRP.
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Appendix A: Reinforcement Prop-
erties

Table A.1: Reinforcement properties according to tensile test conducted by
Yang [18].

Steel reinforcement Es
1[GPa] fsy

2[MPa] fsu
3[MPa] εsu

4(%)
Tensile rebar, φ12 191 570 661 8.1

Compression rebar, φ10 200 528 630 8.9
Stirrups, φ8 202 531 654 9.6

1 Es - elastic modulus,
2 fsy - yield strength,
3 fsu - ultimate tensile strength,
4 εsu - ultimate tensile strain.

Table A.2: Properties of the rebars which were given as input in FE mod-
elling. For the pitted rebars, ultimate and rupture strain were modified, see
Appendix C. The strain corresponding to the ultimate tensile strength i.e 661
MPa for bottom rebar, was considered as ultimate strain.

Tensile rebar (φ12) Compression rebar (φ10) Stirrups (φ8)
σ1

[MPa]
ε2

[%]
E.s3

[GPa]
σ1

[MPa]
ε2

[%]
E.s3

[GPa]
σ1

[MPa]
ε2

[%]
E.s3

[GPa]
0 0 191 0 0 200 0 0 202
530 0.298 505 0.3 531 0.26
570 0.5 530 0.5 654 9.6
605 1.5 560 1.3
635 2.78 590 2.5
661 8.1 620 5
650 12 630 8.9
0 12.01 625 12

1 σ - tensile strength
2 ε - tensile strain
3 Es - elastic modulus
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Appendix B: Incorporation of Pre-
existing Cracks

This appendix presents the supplementary data for pre-loading and corrosion in-
duced cracks that were used in FE modelling and which has not been presented in
the report.

1. Pre-loading induced cracks
In Table B.1, the pre-loading induced cracks measured by Yang are shown
[18]. The crack width measured at pre-loading at the tensile edge of the
beam (w.25kN.edge) were implemented in FE modelling. Based on the bilinear
mode-I-stress-to-crack relation as mentioned in section 5.8, the resulting stress
and strain values for the corresponding concrete elements are shown in Table
B.2, B.3 and B.4.

Table B.1: Position and crack width of pre-loading induced cracks that were con-
sidered in FE modelling of the beams under the category DN1, DG1 and DC1.

Crack number x-coordinate [mm] Crack width [mm]
(w.25kN.edge)

DN1
1 735 0.05
2 937 0.20
3 1125 0.20
4 1215 0.04
5 1337 0.09

DG1
1 755 0.057
2 970 0.115
3 1045 0.135
4 1210 0.150
5 1360 0.083

DC1
1 758 0.013
2 865 0.054
3 942 0.131
4 1075 0.172
5 1224 0.070
6 1350 0.070
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Appendix B: Pre-cracks
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Figure B.1: Plot showing the pre-loading induced crack width.
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Figure B.2: Crack stress vs crack widths for beams under the category of DN1
and simplified crack widths for the FE model.
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Figure B.3: Crack stress vs crack widths for the beams under the category DG1
and simplified crack widths for the FE model.
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Figure B.4: Crack stress vs crack widths for the beams under the category DC1
and simplified crack widths for the FE model.
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Table B.2: Resulting tensile strength and strain for the concrete elements at the
location of pre-loading cracks corresponding to beam category DN1.

DN1
Cracks 1, 4 and 5 Cracks 2 and 3

Stress [MPa] Strain [-] Stress [MPa] Strain [-]
0 0 0 0

0.564 1.69E-05 0.01 3.0E-07
0 3.63E-03 0 6.431E-05

Table B.3: Resulting tensile strength and strain for the concrete elements at the
location of pre-loading cracks corresponding to beam category DG1.

DG1
Cracks 1 and 5 Cracks 2, 3 and 4

Stress [MPa] Strain [-] Stress [MPa] Strain [-]
0 0 0 0

0.594 1.78E-05 0.07 4.52E-06
0 3.82E-03 0 4.5E-04

Table B.4: Resulting tensile strength and strain for the concrete elements at the
location of pre-loading cracks corresponding to beam category DC1.

DC1
Crack 1 Cracks 2, 5 and 6 Cracks 3 and 4

Stress [MPa] Strain [-] Stress [MPa] Strain [-] Stress [MPa] Strain [-]
0 0 0 0 0 0

2.50 7.51E-05 0.695 2.09E-05 0.001 3.00E-08
0 7.32E-03 0 4.47E-03 0 6.43E-06

2. Corrosion induced cracks
In the following, the location and widths of the corrosion induced cracks are
presented. These cracks were measured by Yang [62] in bottom, front and
back side of the beam at the location of tensile reinforcements. As indicated
by the horizontal red lines in Fig. B.5, B.6 and B.7, the measured longitudinal
corrosion cracks were generalized into uniform longitudinal cracks in FE mod-
elling. The respective resulting stress and strain values are shown in Table
B.6. Moreover, Table B.5 shows the widths of the corrosion induced cracks
measured by Yang [18].

V



Appendix B: Pre-cracks

Back side

Front side

Bottom side

-300 300-150-450 4500 150

-300 300-150-450 4500 150

X=0 X=500 X=1000 X=1500 X=2000

X=0 X=500 X=1000 X=1500 X=2000

DN1 Bar I

DN1 Bar I

DN1 Bar II

DN1 Bar II

Figure B.5: Plot indicating the location of the longitudinal corrosion cracks for
DN1 beam category. Horizontal red lines indicate that measured corrosion cracks
were generalized to the uniform longitudinal crack in FE modelling. Here, the
corrosion cracks were assumed to extend up to 80 mm from the bottom surface of
the concrete beam.
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Figure B.6: Plot indicating the location of the longitudinal corrosion cracks for
DG1 beam category. Horizontal red lines indicate that measured corrosion cracks
were generalized to the uniform longitudinal crack in FE modelling. Here, the
corrosion cracks were assumed to extend up to 78 mm from the bottom surface of
the concrete beam.
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Figure B.7: Plot indicating the location of the longitudinal corrosion cracks for
DC1 beam category. Horizontal red lines indicate that measured corrosion cracks
were generalized to the uniform longitudinal crack in FE modelling. Here, the
corrosion cracks at the location of Bar II were assumed to extend up to 76 mm
along the height of the beam from bottom surface of the concrete beam. However,
the corrosion cracks at the location of bar I were assumed to extend 80 mm along
the width of the beam from the front side.
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Appendix B: Pre-cracks

Table B.5: Position and crack width of corrosion-induced cracks measured by Yang
[18].

x-coordinate
[mm]

crack width
[mm]

x-coordinate
[mm]

crack width
[mm]

DN1-bar II DN1-bar I
600 0.14 600 0.00
750 0.90 750 0.69
900 1.19 900 0.59
1050 1.21 1050 0.76
1200 1.00 1200 0.99
1350 0.66 1350 0.26
1500 0.20 1500 0.05

DG1-bar II DG1-bar I
600 0.27 600 0.03
750 1.29 750 1.26
900 1.66 900 0.98
1050 1.69 1050 1.08
1200 1.80 1200 0.67
1350 1.14 1350 0.60
1500 0.16 1500 0.09

DC1-bar II DC1-bar I
600 0.00 600 0.00
750 0.59 750 0.35
900 1.27 900 0.66
1050 1.78 1050 0.77
1200 1.49 1200 1.22
1350 0.36 1350 0.51
1500 0.22 1500 0.00

Table B.6: Resulting tensile strength and strain for the concrete elements at the
location of corrosion induced cracks corresponding to beams under category DN1,
DG1 and DC1.

Stress [MPa] Strain [-]
0 0

0.0124 3.72E-07
0 0
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Appendix C: Corrosion modelling

Figures C.1, C.2, C.3 and C.4 show the location of corrosion pits that were consid-
ered in the FE modelling, indicating the yield length evaluated from the 3D scanning
plots showing the initial and corroded cross-sectional area of the tensile reinforce-
ment rebars. Here, I and II represents numbering of the tensile reinforcements.
Furthermore, Tables C.1 and C.2 show the tensile strength and modified strain for
the elements corresponding to the pitted rebars in the beam categories DN1, and
DC1 respectively; these were given as input in the FE modelling.
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Figure C.1: Figures indicating the location of pits and yield length in 3D scanning
plots, which were considered in DN1_FEA model model
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Figure C.2: Figures indicating the location of pit and yield length in 3D scanning
plots, which was considered in DN1P1_FEA model. For FE model DN1P1E_FEA
model, cross-sectional area of neighbouring rebar elements at both sides of pits Ia
and IIa were reduced by amount of corrosion level at the end of yield penetration,
µp, see section 5.9
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Appendix C: Corrosion modelling

Table C.1: Tensile strength and strain values for the elements corresponding to the
pits in DN1 beams. Here, the strength and strain values are presented for those pits
for which the ultimate and rupture strain were modified based on the yield length
as described in the section 5.9. For remaining pit Ia, , tensile strength and strain
inputs are shown in Table A.2. The strain corresponding to the ultimate tensile
strength i.e 661 MPa was considered as ultimate strain.

DN1-pit Ib DN1-pit Ic DN1-pit IIa DN1-pit IIb DN1-pit IIc
σ1

[MPa]
εmod

2

[%]
σ1

[MPa]
εmod

2

[%]
fsy1

[MPa]
εmod

2

[%]
σ1

[MPa]
εmod

2

[%]
σ1

[MPa]
εmod

2

[%]
0 0 0 0 0 0 0 0 0 0
530 0.298 530 0.298 530 0.298 530 0.298 530 0.298
570 0.5 570 0.5 570 0.5 570 0.5 570 0.5
605 1.5 605 1.5 605 1.5 605 1.5 605 1.5
635 2.78 635 2.78 635 2.78 635 2.78 635 2.78
661 10.1 661 9.1 661 6.1 661 4.9 661 7.6
650 15 650 13.5 650 9 650 7.2 650 11.3
0 15.01 0 13.01 0 9.01 0 7.201 0 11.301

1 σ - tensile strength
2 εmod - modified tensile strain for pits
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Figure C.3: Figures indicating the location of pits and yield length in 3D scanning
plots, which were considered in FE modelling of DG1 beam category.
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Figure C.4: Figures indicating the location of pits and yield length in 3D scanning
plots, which were considered in FE modelling of DC1 beam category.

Table C.2: Tensile strength and modified strain input for a pit Ib of DC1 beam
category. Here the stress and strain values are presented for a pit-Ib for which the
ultimate and rupture strain was modified based on the yield length as described in
the section 5.9. For all other pits (Ia, IIa and IIb), tensile strength and strain inputs
are same as for bottom rebar as shown in Table A.2. The strain corresponding to
the ultimate tensile strength i.e 661 MPa was considered as ultimate strain.

DC1-pit Ib
σ1[MPa] εmod

2[%]
0 0
530 0.298
570 0.5
605 1.5
635 2.78
661 4.05
650 6
0 6.01

1 σ - tensile strength
2 εmod - modified ten-
sile strain for pits
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Appendix D: Material properties and
interface properties for DG1 and DC1
beam models
In this section tensile strength and strain input for FRP materials and interface
properties for modelling of strengthened beams are presented.

Table D.1: Tensile strength and strain input for FRP materials in FE modelling

GFRP sheet CFRP plate Inclined U-jackets Vertical U-jackets
(x-direction)

Vertical U-jackets
(y-direction)

stress
[MPa]

strain
[%]

stress
[MPa]

strain
[%]

stress
[MPa]

strain
[%]

stress
[MPa]

strain
[%]

stress
[MPa]

strain
[%]

367.64 1.82 2717.80 1.27 714.24 1.24 714.24 1.24 88.04 1.24

Table D.2: Non-linear interface properties in DG1 and DC1 beam model.

Bond stress(τ)[MPa] slip(s) [mm]
GFRP sheet to concrete interface

0 0
4.71 0.06
0 0.149

CFRP plate to concrete interface
0 0

5.74 0.07
0 0.182

U-jackets to concrete/FRP
0 0

5.74 0.07
0 0.182

Table D.3: Linear interface properties for U-jackets in DG1 beam model.

Linear interface properties for U-jackets
Normal stiffness modulus (z-direction) 3.55*1012 N/m3

Shear stiffness modulus (x-direction) 2.11*1011 N/m3

Shear stiffness modulus (y-direction) 2.11*1011 N/m3
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Appendix E: Analytical calculation
for RN1 beam

 Analytical calculation and validation of reference beam

Beam geometry:

b 150mm:= width

h 225mm:= height

L 2.1m:= total length

Leffective 1.8m:= span length

Concrete properties:

fcm 0.8 78.7 MPa 62.96 MPa=:= cylindrical compressive strength

fctm 4.448MPa:= tensile strength, derived from wedge splitting test

Ecm 33.3GPa:= E-modulus

εcu2 0.0035:= concrete ultimate strain

Reinforcement properties:

ϕbottom 12mm:=

ϕtop 10mm:=

As.bottom 2 π
ϕbottom( )2

4
 226.195 mm

2
=:= total bottom reinforcement area

total top reinforcement area
As.top 2 π

ϕtop( )2
4

 157.08 mm
2

=:=

fsy.bottom 570MPa:= yield stress bottom rebars

Es.bottom 191GPa:= E-modulus bottom rebars

fsy.top 528MPa:= yield stress top rebars

Es.top 200GPa:= E-modulus top rebars

εsu.bottom 0.12:= rupture strain bottom rebars

d1 225mm 41mm- 184 mm=:= effective height bottom rebars

d2 35mm:= effective height top rebars
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Assuming that reinforcement yields at strain: 

εsy.bottom
fsy.bottom

Es.bottom
2.984 10

3-
=:=

 Cracking load

Stiffness when reinforcement neglected:

I
b h

3


12
1.424 10

4-
 m

4
=:=

Mcr fctm
I

h

2











 5.63 kNm=:= Cracking moment

P1.cr

Mcr

Leffective

2
300mm-

9.382 kN=:= One point load

Ptot.cr 2 P1.cr 18.765 kN=:= Total cracking load 

 Yield moment and load when yielding starts 

Compressive concrete strain when bottom reinforcement
starts yieldingεcc

εsy.bottom

d1 x-
0 x-( )=

εs.top
εsy.bottom

d1 x-
d2 x-( )= Top reinforcement strain when bottom reinforcement

starts yielding 

Fsy fsy.bottom As.bottom 128.931 kN=:=

Fc αR Ecm εcc b x=

Fs.top Es.top εs.top As.top=

Fsy Fc+ Fs.top+ 0= Force equillibrium

Appendix E: Analytical calculation for RN1 beam
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Calculate the compressive height: (assuming a triangular compressive zone)

Guess x 70mm:= Distance to neutral axis from top of beam

Given
fsy.bottom As.bottom

1

2
Ecm

εsy.bottom

d1 x-
0 x-( )









 b x+

Es.top

εsy.bottom

d1 x-
d2 x-( )









 As.top+

... 0=

xy Find x( ) 0.047m=:= Compressive height

εsy.bottom 2.984 10
3-

= Strain bottom reinforcement

εcc
εsy.bottom

d1 xy-
0 xy-( ) 1.026- 10

3-
=:= Strain in concrete

εs.top
εsy.bottom

d1 xy-
d2 xy-( ) 2.633- 10

4-
=:= Strain in top reinforcement

Fc
1

2
Ecm εcc b xy 120.659- kN=:=

Fs.top Es.top εs.top As.top 8.272- kN=:=

Yielding moment:

βR
1

3
:= Assuming a triangular compressive zone

My Fc βR xy d1-( ) Fs.top d2 d1-( )+ 21.54 kN m=:= Yield moment (Moment equilibrium 
around bottom reinforcement)

ME P1.y

Leffective

2
 P1.y 300 mm-= Moment effect

P1.y

My

Leffective

2
300mm-

35.9 kN=:= One point load

Ptot.y 2 P1.y 71.801 kN=:= Total yielding load 

Appendix E: Analytical calculation for RN1 beam
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 Ultimate load

fsu 621MPa:= Steel stress at calculated tensile strain of 0.0226

Rectangular stress distribution assumed (EC2-1-1 3.1.7(3))

λ 0.8:= Effective height of the compression zone

η 1.0:= Factor defining effective strength

Known:

εcc.u εcu2- 0.35- %=:= Concrete crushed 

Calculate the height of the compressive zone:

Assume: xu 63mm:=

xu root fsu As.bottom η fcm λ xu b- Es.top

εcc.u

xu
d2 xu-( )









 As.top- xu, 








:=

xu 25 mm=

 Control strain of bottom bars

εs.b.u
εcc.u

0 xu-
d1 xu-( ) 0.0226=:=

εsy.bottom 2.98 10
3-

= εsu.bottom 0.12= i.e. yielded, not ruptured

εs.t.u
εcc.u

0 xu-
d2 xu-( ) 1.46 10

3-
=:= Strain in top reinforcement

(In tension)

Ultimate moment:

Mu η fcm b λ xu xu λ xu 0.5-( ) As.top Es.top εs.t.u( ) d2 xu-( )+

As.bottom fsu d1 xu-( )+

... 25.6 kNm=:=

P1.u

Mu

Leffective

2
300mm-

42.7 kN=:= One point load

Ptot.u 2 P1.u 85.4 kN=:= Total ultimate load 

Appendix E: Analytical calculation for RN1 beam
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 Check of sectional forces

Analytical, at ultimate load 85.4kN

Bottom rebars: Top rebars:

As.bottom 226.195 mm
2

= As.top 157.08 mm
2

=

fsu 621 MPa= εs.t.u 1.464 10
3-

=

Es.top 200 GPa=

Fs.bot fsu As.bottom 140.467 kN=:= Fs.top Es.top εs.t.u As.top 45.986 kN=:=

Total tensile force in rebars:

Fs.tot Fs.top Fs.bot+ 186.453 kN=:=

Concrete in compression:

b 0.15m= xu 0.025m=

fcm 62.96 MPa=

Fc λ b xu fcm 186.453 kN=:=

Appendix E: Analytical calculation for RN1 beam
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FE analysis, at 85.55kN total load (Load step 499)  
(Values extracted from a cracked section at x=0.91m)

Bottom rebars: Top rebars:

fFE.s.bot 623.2MPa:= fFE.s.top 120.7MPa:=

FFE.s.bot fFE.s.bot As.bottom 140.965 kN=:= FFE.s.top fFE.s.top As.top 18.96 kN=:=

Total tensile force in rebars:

FFE.s.tot FFE.s.bot FFE.s.top+ 159.924 kN=:=

Concrete in compression:

xFE.u 0.0205m:=

fFE.c 57.3MPa:=

FFE.c b xFE.u fFE.c 176.197 kN=:=

Comparison, Analytical to FE:

μs
Fs.tot

FFE.s.tot
1.166=:= μc

Fc

FFE.c
1.058=:=

Appendix E: Analytical calculation for RN1 beam
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