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Abstract

Problems of dynamic origin-destination-matrix estimation using smart card data can be
modelled as entropy maximization problems and efficiently solved using solution
techniques such as Lagrangian relaxation. In this paper, we briefly review the literature
of OD-matrix estimation and the use of smart card data. We show how this problem
can be modelled and solved with incomplete smart card data where the trip distribution
incoming to stations is known but not the outgoing distribution. A large non-linear
entropy maximization problem is solved using an iterative algorithm solution based on
Lagrangian relaxation. The algorithm is tested using a case study from the commuter
train service in the great Stockholm region. Even though there are no theoretical
guarantees for the algorithm’s convergence, the results show that with the incomplete
smart card data, the solution method converges and finds an estimate of the dynamic
OD-matrix reflecting the reported aggregate statistics from the local operator.

Keywords: smart card; origin-destination estimation; Lagrangian relaxation; Entropy
maximization.

1 Introduction

The problem of origin-destination (hereafter OD) matrix estimation appears in various
domains and has been extensively studied by many researchers. In the four-step
transport planning model, OD-matrix estimation forms the second component, i.e. an
output of the trip generation model where the zones are determined and serves as an
input to the mode choice and route assignment model [11].

The literature on this problem is rich, several researchers have studied the subject
and different methods have been developed. There are generally two types of problems:
static and dynamic [5]. The latter is called so because of the additional dimension of
time. Thus, the static OD-matrix estimation aims at finding an estimate of the total
number of trips between pairs of zones (e.g. stations) during a certain time interval (e.g.
a working day). The dynamic OD-matrix estimation looks at the number of trips in
every time period (e.g. every 15 minutes) over a certain time interval (e.g. a working
day). Besides, The increasing availability of larger amounts of data (i.e. big data) led to
many estimation models that can be used to improve the quality of the trip
distributions in transportation models using data such as smart card data.

The aim of this paper is to show the use of the entropy-maximization based
OD-matrix estimation approach with smart card data to determine the trip distribution
in a large railway network. Starting from an entropy-maximization model and using
Lagrangian relaxation to solve it, we derive an iterative solution algorithm. The latter
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allows to find the dynamic OD-matrix estimate. The case study is the commuter train
service in the greater Stockholm region and the available input data is that of the
number of trips from stations at different time periods of the day EL

The paper starts with a brief literature review of the existing OD-matrix estimation
methods. The mathematical formulation of the model and solution algorithm follows
before presenting the experiment and the results. The conclusion ends the paper.

2 Literature Review

There are several modeling approaches for OD-matrix estimation problems. Even
though some approaches are equivalent, the choice of one technique rather than the
other is often depending on the characteristics of the studied case and the available
input data. This section summarizes some of the most popular state-of-the-art tools on
the subject. It reviews the methodologies and techniques that have been commonly
used in the literature.

There has been mostly three main methodologies for OD-matrix estimation: data
survey-based methods, trip distribution models and OD-matrix updating methods [7].
In the first, the estimation is based on a data survey of the trip subjects (e.g. survey of
car-owners, travellers). The second is based on estimation models that use incomplete
or basic trips data. The last uses a flow information to update an old estimate of the
OD-matrix. The methods and techniques that have been mostly used are a combination
of one or more of these methodologies. What follows is a review of some of these
methods.

2.1 Growth models

Growth factor models are OD-matrix estimation methods where an outdated matrix is
updated based on the estimation and calibration of different growth rates. These
methods are also simply called growth models. These models are very simple and are
mostly based on the estimation of a growth factor (i.e. f) which is multiplied by the
outdated matrix n°? as in equation |I| where n is the new OD-matrix estimate.

n—= fTLOld (1)

An example of growth models is the factors methods where the growth rate is a constant
factor that is computed uniformly from survey data (i.e. uniform factor method) or as
an average factor (i.e. average factor method). These are some of the basic and first
developed estimation techniques [9].

The Fratar method is also a popular growth-based technique. The growth parameters
are computed to reflect the attractiveness of the inter-zonal movements. The method
improves the accuracy of the factor technique by providing a more accurate estimate of
the parameters |18]. Another variant of the growth models is the Furness method. It is
a Fratar-like method but comes to reduce the amount of computation needed by using
an iterative approach to compute balancing growth factors a; and b; as in equation
where n;; are new estimates of the trips from 7 to j [12].

outdated (2)

Ni; = aibjni]

2This is because travellers in the commuter network in Stockholm use their ticket cards only when
entering the stations and not when leaving them.




2.2 Gravity models

Gravity models attempt to estimate the OD-matrix using a gravitational attraction
model, hence the name. Initially introduced as the Reilly’s law of retail gravitation
where the main idea was that the attractiveness of retails depends on the physical
distance and the size of the retail centers |[14]. This idea was used later to develop a
mathematical model to predict traffic patterns based on land-use. In this study, the
traffic patterns identify the number of trips from each origin to each destination which
makes the model one of the earliest use of gravity models for OD-matrix estimation |17].
In addition to discrete choice models and urban economics, gravity models were among
the most influential approaches to the analysis of land-use and transportation
interaction [8].

One of the formulations of the gravity function is given in equation [3| where f is a
deterrence function of the generalized travel cost c;; and o; is a parameter that relates
to the trip origin and d; to the destination. a; and b; are balancing factors as in the
Furness method in equation

nij = a;bjoid; f(cij) (3)

Entropy maximization approach is an equivalent approach to gravity models with a
perspective that is based on the field of statistical theory of probability [19]. Entropy
techniques were afterwards widely used to solve the OD-matrix estimation problem [3].
Another method that was based on the statistical theory of probability is the
opportunity model. The development in its theory led to subsequent studies using one
of the two variants: intervening and competing opportunity variant [15]. The main idea
of these methods is that trip distributions are not explicitly related to distances but
rather to the relative accessibility of opportunities to satisfy the purpose of the trip.

2.3 Other models

Many other studies used various additional techniques to solve the estimation problem.
For instance, logit and discrete choice models were used to estimation trip distribution
by combining the destination choice and mode choice models [2|. Other statistical
techniques such as generalized least square [4], Bayesian inference |10] and principal
component analysis |6] were also applied.

3 Methodology & Mathematical Model

This section describes the methodology that is adopted as well as the mathematical
model for OD-matrix estimation in this paper. It also presents the solution algorithm to
solve this model. First, an overview of the entropy maximization model is given.
Second, we introduce some basic notations that are used to describe the mathematical
model. Based on Lagrangian relaxation, we finally derive the solution algorithm to solve
the estimation problem.

3.1 Entropy maximization and smart card data
Motivation

Entropy maximization models were shown to be equivalent to gravity models [19]. It
has also been shown that information minimizing approach (i.e. entropy maximization)
are strongly related to the utility maximizing models (e.g. discrete choice models) in
spatial interaction [1]. The OD-matrix estimation model that is developed in this paper
is based on an entropy maximization approach. Hence, gravity approach and other
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equivalent approaches. This is motivated by the nature of the studied problem and its
assumptions and the available input data. Indeed, the problem can be accurately
modelled as an optimization problem with functional constraints.

Public transport networks all over the world are increasingly using smart card
automated fare collection systems. This led to the availability of data that can be useful
for transportation planner. These data can been used for strategic, tactical, and
operational planning [13]. The latter has not been widely studied by researcher and this
paper shows an example of the use of smart card data in operational planning of
commuter train services. The available smart data is that of the number of passengers
entering each station during each 15 minutes of a working weekday. The dynamic
OD-matrix, i.e. the temporal variation of passenger flow can be estimated by adding
data related constraints to the optimization problem.

Methodology

Entropy maximization models can be formulated as convex nonlinear optimization
problems where the objective function to maximize is the total entropy of the system
under certain functional constraints. The solution to this optimization problem gives an
estimate of the most probable OD-matrix in the system. The unknown variables in the
optimization problem are the number of trips between the pairs of stations at each
period of time (i.e. the three-dimensional OD-matrix). The objective function to be
maximized is the entropy of the system as formulated in the original paper [19].
Furthermore, it is assumed that there are no trips from and to the same station and
that the final estimate is non-negative.

Once the optimization problem is formulated, the constraints are relaxed and
Lagrangian multipliers are associated to each of these. The optimality conditions give
the relation between the unknown variables and the multipliers. Based on the
inter-dependency between the multipliers, an iterative solution method is developed to
estimate the Lagrangian multipliers associated with the relaxed constraints until the
dual gap is small enough (i.e. up to a certain error tolerance). Hence, the value of the
unknown variables and therefore the OD-matrix estimate. These are compared with the
aggregated travel statistics from the local operator.

3.2 Basic notations

We consider the following useful notations
e T is the set of all time intervals (typically 15min intervals over a day).

e S is the set of all the network stations.

° nﬁj is the number of trips from station i to j at time interval ¢.

e n = (nj;) is the dynamic OD-matrix to be estimated.
o Op =Y ,cr O} is the total number of trips from station k (typically in one day).

One can already notice that the main unknown variables here are n = (nj;). The
input data provides the values for O} and hence the sets T and S. We note the sums
with ¢, j, k instead of 4,5,k € S and ¢ instead of t € T'.

Furthermore, We assume that there is no trip from and to the same station, i.e.
nk, = 0. Therefore and for lighter formulations, we omit these trips in the summations,

ie we use ), instead of 3, ;.




3.3 Model

One can derive the expression of the total entropy of the system at hand as in the
original paper that introduced the use of entropy [19]. The main idea is that the most
probable trip distribution in the system is the one that maximizes the entropy of the
system, i.e. chaos. This is inspired by a similar idea from the field of statistical
mechanics. Using the previous notations, the number of possible states W in the system

is given by equatlon I where N =Y, nt. =" jt nt-- is the total number of trips in the
system.
N!
W = _— 4
%t: Hijt ngj )

The total system entropy E| is E = In(W) with the assumption that In is the natural
logarithm. Since N can be large for most real-world cases as with the case study in this
paper (e.g. million trips), one can use the Stirling formula to simplify the log-factorial
term which ylelds the simplified expression of the total entropy E in equation [f] where K

is a constant term that does not depend on the variables nj;.

Zn —nt iin(n )—I—K (5)

1,5t

The constant term K is omitted in the upcoming formulations. The maximization of
the total entropy is equivalent to the minimization of —F(n) which is adopted in the
formulations that follow.

Using the previous notations, the mathematical formulation of the entropy
maximization model is given in equation [6] with the functional constraints of the
problem that is considered in this paper.

mininmize Z nﬁjln(nfj) -
0ot

subject to anw =0}, VkeS,VteT

J

Znﬁk = Zn};j, Vke S
it it
ng; >0, Vi,jeSvteT

The model in equation [6] presents several constraints that each OD-matrix estimate
n should satisfy. Some are generally found in most OD-matrix estimation models
whereas others are specific to the problem in this paper and depend on the input data.

The first set of constraints enforces that the sum of trips from a station & during a
time interval ¢ should be equal to the input data count O} of trips from the same
station during the same time interval, i.e. -, nj; = Of.

The second set formulates that the sum of trips from a certain station & (typically
over one day) should be equal to E| the sum of trips back to the same station k, i.e.
Zj,t ”Zj = Zi,t N

The last set of constraints makes sure that the estimated number of trips are
non-negative for all the pairs of stations and for all time periods.

3Entropy is typically noted as S but we chose E instead to avoid confusion with the set of stations S
4This builds on the assumption that all people leaving from a station for work come back home to
the same station




3.4 Lagrangian relaxation

The mathematical model is a very large nonlinear convex minimization problem (i.e.
magnitude order of |S|? * |T| variables and constraints); it is hard to solve for real world
scenarios using existing solvers such as CPLEX or Gurobi. Hence, the model needs
further simplification using methods such as Lagrangian relaxation which is adopted
here.

One first step is to get rid of the third set of constraints by omitting the variables
nk, for all k,t. Thus, the formulation of the sum will only take into account
non-identical pairs of stations, i.e. (4,7) such that i # j.

We now use Lagrangian relaxation to get rid of the first two sets of constraints. This
leads to the Lagrangian function D, i.e. relaxed dual objective function, in equation

D(n, A p) = =B(n) =MD nby = Oh) = > m( Y b — D niy)

kot j#k k £kt GEkt
t t t (7)
= Z (ln(nm) =1 =X+ — Mj)nij + Z)\itOi
1,jF4t it

Note that the primal objective function is —F. The multipliers A are associated with
the first set of constraints in equation [6] whereas p are associated with the second set.
For a fixed value of A and u, the dual objective function can be minimized with
respect to the variables nﬁj which leads to the optimality conditions in equation (8| for

Vi, j where ¢ # j and Vt.

aD
v]

) = Vit = i) = pj =0 = ni; = eMehith (8)

It is now possible to write the dual objective function at the optimal value of

nt; = eMt=HiTH as in equation @

DA\ p)= > nl(nmnl)—1=Xietmi—pm)+ Y AeOf == > nbi+> AuOf (9)
50t k,t 4,570t k,t

The dual optimization problem is therefore the maximization of the dual with respect to
the Lagrangian multipliers. The dual formulation (after simplification) is given in

equation [T0}

maximize D(A,p) = Z it Of — Z it it (10)
Ap it i,jAit
3.5 Solution algorithm

The optimality conditions on A of the dual maximization problem are given by
whereas those on u are given by

oD et
=0 = Mt =0l — 11
8)\“ Zj;éi eMi ( )
et
82:0 — 62%:% (12)
8uj Zi#j,te it —Hi

The optimality conditions show that the dual variables are interdependent, i.e. one
set of variables depend on another set. This leads to an iterative solution algorithm
where one set of variables is computed based on the values of the other set. The
algorithm is presented in Figure [}
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Figure 1. Overview of the iterative solution algorithm

The algorithms starts from an initial value of the multipliers p (e.g. vector of zeros)
which is used to compute the values of the multipliers A\ using the optimality condition
in equation This leads to new updated values for A which are in turn used to
compute the new values for u using equation The algorithm iterates until the
relative gap G, is small enough (e.g. smaller than a tolerance ¢ = 1071Y) as in

equation [T3]

|P — D
——— <€
P>
Once the relative gap is small enough, the algorithm stops with the optimal values of
the multipliers A and p maximizing the dual function D. These values allow to compute
the OD-estimate using equation [8| which maximizes the total entropy of the system.
Since this original program is a non-linear convex optimization problem, one way to
prove that an optimal solution exist is to use one of the constraint qualification
conditions such as Slater condition for regularity conditions. It is possible to show that
the problem has a feasible solution, it has therefore an optimal solution. It is however
important to mention one major limitation of the solution algorithm which is that there
is no theoretical guarantee that the algorithm in Figure [T] will always converge.
However, if it converges then it does to an optimal solution as shown in the case study.

Grel = (13)

3.6 Model extension with additional data

It is possible to extend the model and improve its accuracy by using additional data.
This data can come from different sources such as smart card or other digital systems
used by the local operator.

The additional data can include information about the trips such as travel distances
or travel times. In this paper, we assume that the additional data is as follows:

e d;j =d(i,7) is the trip distance between pairs of stations 1, j.
e d! is the average travelled distance during time period ¢ per passenger.

It is possible to include these data by adding, to the optimization problem in
equation |§|, the constraint in equation where O' =3, O} is the total number of
passengers during time period t.

t _ gttt
Vit Zdijnij—dO (14)

ijt




In the same way as before, the constraints are relaxed and we note § = (;) as the
corresponding Lagrangian multipliers. The Lagrangian function is formulated in

equation [T5]

DO, 0) = O+ d0', — Y erumritntody (15)
it t 3,570t
Following the same steps, the optimality conditions on the Lagrangian function will
lead to the new formulation of the number trip estimate in equation [I0]
oD
=0 = nt. = erit—HitTH;+0idi; 16
o : (16)
The iterative algorithm will be based on the same idea. The different is the
additional cost parameter 6;d;; and that the Lagrangian multipliers 6, are estimated by
enforcing the satisfaction of the additional optimality constraints in equation For
fixed values of \ and pu, there is no general closed for for the estimate of 6, in equation
One possible alternative is to estimate it numerically in the form of a unconstrained
nonlinear minimization problem.

oD N
- — Nt — it +0ediy gt
a6, =0 = 'Z.d”e J i=d0 (17)
1,jF#1
Even though it is possible to successively estimate the Lagrangian multipliers up to
a certain tolerance as previously in Figure [1} there is no guaranty that the algorithm
will converge and this depends on the values of the additional data. However, if it

converges then the OD-matrix estimate is optimal.

4 Experiment

This section describes how the model was implemented and tested using realistic input
data. The case study is presented before briefly describing the implementation. Finally
the results are presented and discussed.

4.1 Case study

In this experiment, we consider the dynamic OD-matrix estimation of the commuter
train services in the greater Stockholm region. The network that is considered here (see.
Figure [2) is from 2015, e.g. before the introduction of new stations in the end of 2017.
The network has a total of 48 stations.

The main input data is the number of passengers arriving at each station during
time periods of 15 minutes over an entire working day in 2015. It can be illustrated
using a 3D plot with stations and time periods as in Figure
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Figure 2. Stockholm commuter network in 2015 (Patrik Ekengren, CC BY-SA 3.0)

4.2 Implementation

The iterative solution model was developed and tested using MATLAB R2017b. The
input data was imported as a CSV file. The experiment was performed using a laptop
with 8 GB RAM and CORE i5 processor.

The iterative algorithm has several parameters. The stopping condition was
implemented using an error tolerance of ¢ = 10710, The algorithm stops after a
maximal number of iteration K., = 100 if the stopping condition is not satisfied.

The input data includes some zero values. In order to avoid getting undefined

number due to the logarithm function, these values were replaced with the epsilon value
in MATLAB which has a value of 10716,

4.3 Results and discussions

The experiment allowed to compute the dynamic OD-matrix estimate that maximizes
the total entropy of the system under the constraints in the model [f} The solution time
is only few seconds for the whole network in the case study over one day. Besides, the
experiment allowed to capture the evolution of the relative gap as well as the dual
objective function.

The dual objective function for the different iterations is presented in Figure |4} The
figure also shows the optimal primal value which corresponds to the maximal entropy of
the system. The dual objective values are always below the optimal primal due to the
weak duality. We notice that the dual function reaches the primal optimal value after 6
iterations. However, it does reach the requested error tolerance for the stopping
condition after 45 iterations.




Input data - total number of trips from the different stations
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Figure 3. Input data - total number of trips from each station for every time period
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Figure 4. Dual objective values for each iteration (with optimal primal objective value)

The stopping condition depends on the relative gap which is defined in equation
The evolution of the relative gap is presented in Figure [f] This gap decreases and is
practically zero after 10 iterations. However, it does reach the tolerated gap of
€ = 10719 after 45 iterations before stopping the algorithm with an estimate of the

dynamic OD-matrix.
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Figure 5. Relative gap for each iteration

The estimate of the dynamic OD-matrix that results from the solution algorithm is
illustrated in Figure @ This is estimate corresponds to the number of trips n = (nf;)
that maximizes the entropy of the system, i.e. most probable situation.

There are several ways to validate the results of the model. One way to do that is
the use of the estimated total average travel distance per person. SLL, responsible for
the commuter train services in in Stockholm, provides each year these statistics .
For instance in 2015, the average travel distance per person was 18.7km per person.
Using data on the distances between the pairs of stations, we find that the average total
travel distance corresponding to the OD-matrix estimate is 16.9km per person which is

10/[2



OD-matrix estimation result - total number of trips to the different stations
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Figure 6. Result - dynamic OD-matrix estimate maximizing the entropy of the system

comparable with the reported statistics from SLL. The latter validation discussion
shows that it is possible to have additional functional constraints in the estimation
model in order to get statistical results that are similar to those in the report of SLL.
Such constraints can relate to the average travel distance, average travel time or total
kilometer person to name few of them.

5 Conclusions and future work

We have shown that there are several methods for OD-matrix estimation through the
historical background in the literature review. We also developed an optimization model
for the dynamic OD-matrix estimation problem before using the Lagrangian relaxation
method to derive the iterative solution algorithm. The latter was tested on a case study
from Stockholm’s commuter train services. The iterative solution method reduced the
dual gap in few seconds with the whole network and the resulting OD-matrix estimate
gives comparable travel statistics to the ones reported by the local operator.

This developed model shows the use of smart card data for operational planning in
commuter train services. It can be used to estimate microscopic trip distributions in
large transport networks given partial information on the real trip distributions. The
accuracy of the model can be simply improved by adding constraints based on the
available data.

Since there is no guarantee that the iterative algorithm will always converge, an
improvement can be to establish the theoretical conditions under which the algorithm
converges. It can also be possible to compare the performances of this method in terms
of accuracy and computational time with other solution methods.
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